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Abstract 

We independently assign a non-negative value, as a capacity for the quantity of 
flows per unit time, with a distribution F to each edge on the Z"^ lattice. We consider 
the maximum flows through the edges of two disjoint sets, that is from a source to a 
sink, in a large cube. In this paper, we show that the ratio of the maximum flow and 
the size of source is asymptotic to a constant. This constant is denoted by the flow 
constant. 



1 Introduction of the model and results. 

We consider the Z'^ lattice, d > 2, with integer vertices and edges between u = ■ ■ ■ , Ud) 
and V = (t>i, ■ ■ ■ , t>d) when 

d 

\Ui - Vi\ = 1. 

1=1 

Two vertices u and v with an edge connecting them are said to be Z'^-adjacent or Z'^- 
connected. The edge is identified as a Z'^-edge e = (u, v), or simply, an edge, with the 
open line segment in R"^ from u to v. Two vertices u and v are said to be L'^-adjacent or 
L'^-connected if 

max \ui — Vi\ = 1. 

l<i<d 

Clearly, if u and v are Z'^-connected, then they are also L'^-connected. 
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For two vertices u and v, let dist(u, v) be the Euclidian distance between the two vertices. 
For any two vertex sets A, B C Z*^, the distance between A and B is also defined by 

dist(A, B) = min{dist(u, v) : u G A and v e B}. 

Now we assign independently to each Z'^-edge e a non-negative value T(e) with a distribution 
F. More formally, we consider the following probability space. As sample space, we take 
ft — rieezdfO, oo), points of which are represented as configurations. If we want to emphasize 
a particular configuration ou, for a random set A or a random variable N, we may write 

A{uj) or N{uj) for each, respectively. Let P be the corresponding product measure on Q. 
The expectation with respect to P is denoted by E(-). For simplicity, we assume that r(e) 
has a short tail 

Eexp(r/r(e)) = / e''W(a;) < oo (1.1) 
Jo 

for some f] > 0. For each finite graph B, we may think of r(e) as the non-negative capacity 
for the quantity of fluid that may flow along e G B in unit time, where an edge in a set 
means that the two vertices of the edge belong to the set. Let S and T be two disjoint sets 
in B, called the source and the sink. A flow (see Kesten (1988); Grimmctt (1999)), from a 
vertex set S to another vertex set T in B, is an assignment of a non-negative number /(e) 
and an orientation to each edge e = (v, w) of B such that 

Av)= E /((v,w))- E /((v,w)) 

wGB:v— »w w€B:w— »v 

satisfles /(v) = for all vertices v ^ S U T, where the flrst summation (with respect to 
the second summation) is calculated over all neighbors w of v, which e(v, w) is oriented 
away from (respectively toward) v. Thus fluid is conserved at all vertices except, possibly, 
at sources and sinks. In other words, the current flowing into a vertex v ^ S U T must equal 
to the current flowing out. This basic assumption is called Kirchhoff's law in physics. A 
flow is admissible if 

/(e) < r{e) for all edges e, 

and the value of such a flow is deflned to be J^ves -^(v), the aggregate amount of fluid entering 
B at source vertices. The maximum flow is the largest value of all admissible flows. One of 
the fundamental questions of this physics topic concerns understanding how the maximum 
flow depends on the source and sink. It is believed (see Kesten (1988); Grimmett (1999)) 
that the maximum flow approximately equals the "size" of min{|S|, |T|} with a certain ratio 
for a convex set B, where | A| is the number of vertices in A. We write the ratio as the flow 
constant, which only depends on F. The main purpose of this paper is to demonstrate the 
existence of the flow constant. 
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To study the maximum flow, we need to understand cutsets. To define a cutset from S to 
T on B, we may first define a path on Z'' as follows. For any two vertices u and v of Z*^, a Z'^ 
path, or simply a path, 7 from u to v is an alternating sequence (vq, ei, Vi, v„_i, e„, v„) 
of vertices Vj and edges Cj = (vj_i, Vj) in Z^, with Vq = u and v„ = v. u and v are called 
Z'^-conncctcd. A Z'^-connected vertex set is called cluster. An edge set X of B is called an 
S-T cutset if all paths on B from S to T use at least one edge of X. For convenience, we 
also add all the vertices of edges in X to have an edge and a vertex set. We still denote the 
set by X. 

A cutset X is said to be self-avoiding if X is a cutset, and X \ {e} will no longer be a 
cutset for every e e X. Note that there might be many self-avoiding cutsets. For any edge 
set E, we denote the passage time of E by 

r(E) = ;^r(e). 

eeE 

One of the fundamental problems in percolation is to study the cutset. Cutsets are also 
related to the boundary of clusters. For each edge e, it is said to be open or closed if r(e) > 
or T(e) = 0. Clearly, for each e, 

P[e is closed ] = -F(O), and P[e is open] = 1 — F(0) = p. 

Note that if e is closed, its passage time is zero, so we also sometimes denote it as a zero-edge. 
Let C{x) be an open cluster containing x and let 

0{p) = P[|C(0)| = 00], and pe = Pc{d) = sup{p : e{p) = 0}. 

If F{0) < 1 — P(.. there exists an infinite open cluster from the origin with a positive proba- 
bility. If |C(0)| is finite, there exists a closed cutset that cuts the origin from 00. An edge 
e is called the boundary edge of C(0) if e ^ C(0), but e is Z'^-adjacent to C(0). AC(0) is 
defined as all the boundary edges of C(0). If |C(0)| is finite, then AC(0) is a finite closed 
cutset. Here we define the more general boundary edges of open clusters, starting at a large 
set. Let 

d-l 

B(k, m) = n [0' X [0' H for k = {h, • • • , ka-i). 

1=1 

We may also assume without loss of generality that 

< A;i < A;2 < • • • < ka-i- (1.2) 

When ki = k2 = ■ ■ ■ = kd-i = m = 0, B(k, m) is the origin. We also denote the volume of 
[0, /ci] X • • • [0, kd-i] by 

||k||„ = ki X k2 x ■ ■ ■ X kd-i- 
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As we defined above, a set is said to be a cutset that cuts B(k, m) from oo if any path 
from B(k, m) to oo uses at least one edge of the set. We select, from these cutsets, a cutset 
X(k, m) with the minimum passage time among all the cutsets. We also denote by x(k, m) 
the passage time of X(k, m): 

T(X(k,m)) = x(k,m). 

There might be many such cutsets. If so, we select the one with the minimum number of 
edges among all such cutsets by using a unique method. We still denote it by X(k, m). With 
this selection, X(k, m) must be self-avoiding. In this paper, the unique method of selecting 
cutsets always involves using the same selection rule for each configuration. 

Furthermore, a set X(k, m) is said to be a zero-cutset (or closed cutset) that cuts B(k, m) 
from oo if 

T(X(k,m)) = 0. 

In this case, any path from B(k, m) to oo must use at least one closed edge of the set. In 
other words, there is no open path from B(k, to) to oo. Let A'^(k, to) be the number of edges 
in X(k, m). We have the following fundamental geometric theorem to show that A'"(k, m) 
cannot be much larger than ||k||„ when F(0) < 1 — Pc- 

Theorem 1. If F{0) < l—pc, then there exist constants /3 = (3{F, d) and Ci — Ci{F, d) 
for i = 1,2 such that for all n > /3||k||^ and m < mini<i<d_i ki, 

P [A^(k,m) > n] < Ciexp(-C2n). 

In this paper, wc always denote by C or Cj a large or a small positive constant that 
will be used for some upper or lower bound in inequalities. C and Ci do not depend on 
ki, - ■ ■ , kd-i, m, I, n, wi, • ■ ■ , Wd-i- In addition, both values of C and Ci may change from 
appearance to appearance. For a finite open cluster C(0), its exterior boundary edges are 
the edges in AC(0) such that there is a Z'^-path from the vertices of the edges to oo without 
using any edges of C(0). We denote by AeC(O) the exterior boundary of C(0). Kesten and 
Zhang (1990) showed that there exists a constant a such that 

Jim -n-MogP[|AeC(0)| = n] =a{F{0)). 

By (6.18) in Grimmett (1999), we know that 

a(l-pj = 0. (1.3) 

It also follows from (6.13) in Grimmett (1999) that if F{0) > 1 — pc, then 

a(F(0)) > 0. (1.4) 
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It is natural to ask whether (1.4) holds when F(0) < 1 — Pc- Note that AeC(O) is a closed 
cutset for C(0), so on the event that there is no infinite open cluster, 

the number of edges in AeC(O) > A^(0, 0). 

However, the size of A'"(0, 0) may be much less than the size of AeC(O) when C(0) is finite. 
Thus, we still do not know whether cr{F{0) > when F(0) < I — Pc- 

Now we focus on a specific cutset. In fact, one of most interesting questions (see Kesten 
(1988); Grimmett (1999)) is to understand the behavior of the cutsets on B(k, m) that cut 
its bottom face from its top face. We denote by 

Fo = Fo(k, m) = {{xi, ...,Xd)e B(k, m):Xd^ 0} 

and 

Fm = F„(k, m) = {{xi, ■■■ ,Xd) e B(k, m) : Xd = m} 

the bottom and the top faces of the box, respectively. We select W(k, m) as a cutset, cutting 
the bottom face of B(k, m) from its top face, with minimal passage time. Similarly, if there 
is more than one such cutsets, we use a unique method to select one with the minimum 
number of edges among all such cutsets. We still denote it by W(k, m). Let iV(k, m) be the 
number of vertices in cutset W(k, m). We now show the fundamental geometric theorem 
for this cutset. 



Theorem 2. If F{0) < 1 —pc, and ifm — m{ki, • • • , kd-i) — > OO QiS kii ' ' ' 1 kd—l — ^ oo 
in such a way that 

logm < ||k||^, (1.5) 

then there exist constants (5 — P{F, d) > 1 and Ci — Ci{F, /3, d) for i — 1,2 such that for all 
n>P\Mv: 

P [N{k, m)>n\< Ci exp(-C2n). (1.6) 

Remark 1. In the proof of Theorem 2, we can use a weak condition that logm < C||k||^ 
to replace (1.5). 



Remark 2. In Theorems 1 and 2, we consider a cutset that cuts B(k, m) from oo or 
from Fo to F^,. The same proof can be shown for a general set rather than B(k, m). 



With Theorem 2, the number of vertices for each cutset is proportional to the size of 
Fq. We call the results in Theorem 2 the linearity. When F(0) > 1 — Pc, it is known (see 
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chapter 6 in Grimmett (1999)) that Theorems 1 and 2 hold. On the other hand, it is known 
by Aizenman et al. (1983) that if F(0) < 1 — Pc and m satisfies (1.5), then 



P[3 W(k, m) with r(W(k, m)) = 0] < exp(-C||k||^). (1.7) 

(1.7) is called the area law. Clearly, N(k,m) is always larger than ||k||^. Therefore, Theorem 
2 imphes the area law. In fact, we may view the cutset (sec Aizenman et al. (1983)) as a 
surface between and Fq. (1.6) tells us that it costs probability exp(— Ct) whenever the 
surface increases t units. We call (1.6) the surface law. The surface law has proved to 
hold (Kesten (1986) and (1988)) when = 2 and F(0) < 1 -Pc(2), and when d = 3 and 
F(0) < 1/27. As the main conjecture, Kesten believed that the surface law should hold for 
all d and ell F{0) < 1 — Pc{d). In Theorem 2, we answer Kesten 's conjecture affirmatively. 
When F(0) = 1 — Pc, the closed cutsets are very chaotic. For example, we beheve that 
7V(k, m) should be much larger than ||k||„. 

Now we focus on the maximum flow problem to discuss the existence of the flow constant. 
Without loss of generality (see Kesten (1988); Grimmett (1999)), we discuss the maximum 
flow on B(k, m) from Fq to F^. The max-flow min-cut theorem characterizes the maximum 
flow through the network in terms of the sizes of cutsets. The size of the (Fq, FTO)-cutset 
W(k, m) is defined to be the sum of the capacities of edges in W(k, m). As we mentioned, 
one of fundamental questions (see Kesten (1988); Grimmett (1999)) is how to understand 
the limit behavior of the fiow from Fq in B(k, m). Let 0max(k, m) denote the maximum fiow 
through the edges of in B(k, m) from Fq to F^. Let 

Tmin(k,m) = r(W(k,m)). 

By the max-fiow min-cut theorem, we have 

rmin(k,m) = 0max(k,m). 

In particular, if r(e) only takes or 1, the maximal fiow 0max(k, m) is the number of disjoint 
open paths from Fq to F^ in B(k, m). 

With these definitions, let us introduce the developments in this fleld. When F[0) — 
1 — Pc, the so-called critical case, it has been proved (see Zhang (2000)) that 

lim ''"™'n!^i' — ^-S- and in Li. (1.8) 

fci,---,fed_i,m-»oo ||k||^ 

When F(0) > 1 — Pc, the so-called supercritical case, we also have 

lim '^™'n!^' — ^-S- and in Li. (1.9) 
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In fact, as we mentioned before (see chapter 6 in Grimmett (1999)), with a large probabihty, 

7"min(k, TJi) = whcn TTi > k^_i for 5 > 0. 

In other words, the flow constant will vanish in the supercritical and critical cases. 

The most interesting case is understanding the limit behaviors when F(0) < 1 — Pc, the 
subcritical case. With the moment assumption in (1.1), we have 

T Erinin(k,m) 

limsup ipjjii- — - < oo. (1-10) 

k — 'oo ll'^llv 

In fact, by a standard large deviation estimate, we can show that 

P(T^in(k, m) > C||k||„) < Ci exp(-C2||k||„). (1.11) 
On the other hand, it can be shown (see Chayes and Chayes (1986)) that when F(0) < 1—Pc, 

0<liminf^^i^#^. (1.12) 

With (1.10) and (1-12), it is natural to ask what the limit behavior is. If the limit exists, 
then the flow constant exists. When d = 2, Grimmett and Kesten (1984) showed that 

lim (A;i)~^rinin(^i, ^) = ^{F) a.s. and in Li (1-13) 

ki,m—*oo 

when /ci — > oo, m — > oo such that 

logm/A;^0. (1.14) 

In fact, when d — 2, the min-cutset is just a dual path from the left to the right in B(/ci, m). 
The techniques to handle paths have been well developed since Hammersley and Welsh 
created the first passage percolation model in 1965. 

When d = 3. Kcstcn (1988) used a surface consisting of a plaquette (see Aizenman et 
al. (1983); Kesten (1988)) to work on the limit behavior of Tinin(k, m). He showed, in an 
extensive proof, that if the surface law holds, then 

Um (fci X k2)~^Tmin{{ki,k2),m) — y{F) a.s. and in Li (1-15) 

fei,fc2,m— >oo 

when /ci, /c2 — > oo, ■m{ki, k^) ^ oo as /ci < /c2 in such a way for some (5 > such that 

logm<A;}~'^. (1.16) 

Furthermore, he showed that the surface law holds when d = 3 and -F(O) < 1/27. Therefore, 
his result implies that the flow constant exists when d — ?> and F(0) < 1/27. Kesten con- 
jectured that the surface law should hold for all F(0) < 1 — Pc- In Theorem 2, we show the 
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surface law. Thus, the flow constant exists for all F(0) < 1 — Pc when d — 3. In addition, 
Kesten also conjectured that the flow constant should exist for all d > 2. In this paper, we 
answer the conjectures affirmatively to show the existence of the flow constant for all F. 



Theorem 3. If (1-1) holds, and ifm = m{ki, • • • , /c^-i) — >■ 
in such a way for some < 5 < 1 that 

\ogm< m^x {kl-'}, (1.17) 

l<«<a!— 1 

then there exists a flow constant i'{F) such that 

Tmin(k,m) 0mi«(k,m) 
lim — -— = lim = v{F) a.s. and m Li. 

k\,k2,—,kd-i,m^oo ||k||^ fei,fe2,---,A;d_i,m-»oo ||k||^ 

Remark 3. In the proof of Theorem 3, we have to use the short tail assumption in 
(1.1). Recall that Grimmett and Kesten's proof for Theorem 3, when d = 2, only requires 
that i?(r(e))^ < oo. Kesten believes (open problem 2.24 in Kesten (1988)) that the second 
moment condition should imply Theorem 3. However, we are unable to show the conjecture. 

Remcirk 4. As we discussed before, if iy{F) exists in Theorem 3, z^(-F) is positive if 
and only if F(0) < 1 — Pc- Kesten (1988) also asked the large deviation behaviors for this 
limit when F{0) < 1 — Pc- We will attempt to answer this question in a separate paper. 
In addition, we can also estimate a convergence rate for the limits in Theorem 3. With 
this convergence rate, we can show the continuity of the flow constant z/(F) in F. We will 
also expose these results in the separate paper. Note that the continuity of i^{F), when 
F(0) = 1 - Pc, is proved by Zhang (2000). 

Remcirk 5. Theorem 3 can be generalized to any periodic lattice (see the definition in 
Kesten (1982)) with the d coordinate axes. 



2 A construction for a linear cutset. 

In this section, we will construct a special zero-, or closed, cutset about the linear size of 
||k||t,. Since we only consider the cutset surrounding B(k, m), for convenience, we will assume 
that all edges inside B(k, m) are open edges in this section. Now our probability measure is 
on the edges in Z'^ \ B(k, m). 

For a finite Z'^-connected set A, dA is a vertex set, called the boundary of A, that is 
L'^-adjacent to A but is not in A. We also denote by diA the vertex set, called the interior 
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Figure 1: A is a cluster containing edges (dashed lines) and vertices (solid circles). The 
solid circles are also interior boundary 9j(A). dA is a vertex set (circles and otimes). d^A 
is a subset of dA (only circles). The four corners in d^A are 1/ -adjacent to A A A is an 
edge set (all solid lines), and AgA is a subset of A A (the edges are not adjacent to otimes). 

boundary of A, that is in A and is L'^-adjacent to dA. Furthermore, we name deA as its 
exterior boundary if its vertex v G dA and there is a Z'^-connected path from v to oo that 
does not use vertices of A (see Fig. 1). Note that 

d^A c dA. 

Recall from section 1 that AA and AgA arc defined as the Z'^-edges from dA and from deA, 
respectively, to diA. They are called boundary edges and exterior boundary edges. By the 
definition, 

AeA c AA. 

In addition, we denote the interior vertex set of A by 

int(A) = A \ diA. 

With these definitions, the following lemma is well known (see Lemma 2.23 Kesten (1986)). 
Lemma 1 (Kesten). If A is a Tfi -connected finite set, then dgA is a Z''' -connected graph. 



9 



Let 



C(k, m) = {v & Z'^ : V is Z'^-connected by an open path to B(k, m)}. 

Note that B(k, m) is a Z'^-connected open set as we defined, so 

C(k, m) is a Z'^-connected open cluster, and B(k, m) C C(k, m). (2.0) 

As we have defined, if there is a cutset that cuts B(k, m) from oo, then any path from 
B(k, m) to oo must use at least an edge of the cutset. Furthermore, if there is a zero-cutset, 
then a path from B(k, m) to oo must not only use at least an edge of the cutset, but also a 
zero-edge of the cutset. If there is a zero-cutset, then there is no open path from B(k, m) to 
oo, so 

|C(k,m)|<oo. (2.1) 

On the other hand, if (2.1) holds, then there exists such a zero-cutset. Let ^(k, m) be the 
event that (2.1) occurs. In this section, we will always discuss particular fixed configurations 
in ^(k, m). 

For each configuration in ^(k, m), it follows from the definitions that the boundary edges 
of AC(k, m) are all closed and they cut B(k, m) from oo. However, AC(k, m) may contain 
too many extra edges (see Fig. 1), so we would like to focus on AeC(k, m). Since C(k, m) 
is uniquely determined for each configuration in Q(k,m), deC(k,m) (see Fig. 1) is also 
uniquely determined. With these definitions, we have the following lemma. 

Lemma 2. For all configurations in Q(k,m), AeC(k, m) is a finite zero-cutset cutting 
B(k, m) from oo. 

Proof. As we mentioned above, AeC(k, m) is a zero-edge set. Since each vertex 
of 9eC(k, m) is L^-connected to C(k, m), AeC(k, m) is finite. It remains to show that 
AeC(k, m) is a cutset. Since C(k, m) is finite, for any Z^-path 7 from B(k, m) to 00, 7 must 
be outside of C(k, m). Let u be the last vertex in C(k, m) such that after u, the remaining 
piece of 7 never uses another edge of C(k, m). Suppose that after u, 7 uses the edge e. Thus, 
e will be a zero-edge, otherwise, e G C(k, m). By the definition, e G AC(k, m). On the 
other hand, the remaining piece of 7 from e will not return to C(k, m) again as we defined. 
Thus, e G AeC(k, m). Since any path must use an edge of AeC(k, m), AeC(k, m) will be a 
cutset cutting B(k, m) from 00, so Lemma 2 follows. □ 

Furthermore, by Lemma 1 (see Fig. 1), we know that 

9eC(k,m) is Z'^-connected. (2.2) 
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By Lemma 2, we know that AeC(k, m) is a zero-cutset. However, we cannot use this 
cutset to show Theorem 1, since this cutset might be too tangled. We need to ehminate 

the tangled parts of AeC(k, m) to construct another zero-cutset. To construct such a zero- 
cutset, we use the idea of renormalization in Kesten and Zhang (1990). We define, for integer 
t > 1 and u = (til, • • • , Ud) € Z*^, the cube 

d 

BtH = ll[tUi,tUi + t]. 

i=l 

Here we need to take t large, but much smaller than m and ki, - ■ ■ , k^-i- Also, without loss 
of generality, we assume that ki/t for i — 1,2, — 1 and m/t are integers. Usually, we 
consider the Z''- vertices in Bt{n). In addition, we can also consider the edges in Bt{n) if 
their two vertices belong to -Bt(u). 

Two cubes, -Bt(u) and -Bt(v), for u ^ v, are said to be Z'^- adjacent or L'^- adjacent iiu and 
V are Z^- or L'^-adjacent. If (vq, ei, Vi, v„_i, e„, v„) is a Z'^-path, then _Bt(vo), -B((vi), i?((v„) 
is a cubic Z'^-path. With these cubic paths, we can define a cubic Z"^- cluster. Similarly, if we 
replace the Z'^-path by a L'^-path, we can define a cubic l/-cluster. Let Ct(k, m) be a cube 
cluster defined as 

Q(k, m) = {Bt{n) : Bt{n) n C(k, m) ^ 0}. 

Note that C(k, m) is Z'^-connected and that our cubes contain their inside boundaries, so 
Ct(k, m) is Z'^-connected in the sense of the connection of cubes. A boundary cube of 
Ct(k, m) is also defined as (see Fig. 2) 

(?Ct(k, m) = {-Bt(u) : -Bt(u) contains a vertex of 9C(k, m) U c?iC(k, m)}. 

Note that Ct(k, m) and 9Ct(k, m) may have a common cube. For convenience, we account 
-B((u) in (9C((k, m) if S((u) is a common cube in both Ct(k, m) and 9Ct(k, m). Note also 
that (9C((k, m) contains all boundary edges of C(k, m). 

As we proved, on ^(k, m), AeC(k, m) is a zero-cutset. Therefore, 

there is a zero-cutset in 9Ct(k, m). (2.3) 

In addition, the exterior cube-boundary of Ct(k, m) is defined as (see Fig. 2) 

9eCt(k, m) = {-6t(u) e 9Ct(k, m) : Bt{u) is connected by 
a cubic Z'^-path to oo outside 9Ct(k, m)}. 

Note that each cube in c?eCt(k, m) contains at least one vertex of 5eC(k, m). Thus, by 
(2.2), 

9eCt(k,m) is Z'^-connected. (2.4) 
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If we consider deCt(k, m) as an edge set, it follows from the same proof of Lemma 2 to show 
that 

9eCt(k, m) is a finite cutset that cuts B(k, m) from oo. (2.5) 

By (2.5), we know that 9eCt(k, m) is a cutset. On the other hand, as the main task, Kesten 
and Zhang (1990) showed that 9eCt(k, m) is not very tangled. However, unhke 9Ct(k, m), 
9eCt(k, m) may not contain a zero-cutset (sec Fig. 2). The main task in this section is to 
combine c}eCt(k, m) with additional edges to construct a zero-cutset. This construction is 
much easier to understand through Fig. 2, than through rigorous written descriptions. We 
suggest that readers refer to Fig. 2 while reading the following definitions. 

For configurations in ^(k, m), 9eCt(k, m) is a cutset. Each path from oo to B(k, m) 
must meet a vertex of 9eCt(k, m) and then go to 5B(k, m) from the vertex. We name these 
vertices the surface of 9eCt(k, m) and denote them by U(9eCt(k, m)). More precisely, 

U(c?eCt(k, m)) = {v e 9eCt(k, m) : 3 a Z'^-path from v to oo 

without using vertices, except v, in 5eCt(k, m)}. 

By (2.5) and the definition of the surface, 

U(aeCt(k,m)) nC(k,m) = 0. (2.6) 

Since 9eCt(k, m) cuts B(k, m) from oo, it divides R'' into two parts: the inside and outside 
parts, where the inside part, containing B(k, m), is enclosed by 9eCt(k, m). We denote the 
inside part by 

Lt(k, m) = {Bt{u) : any cubic Z'^-path from Bt{u) to oo must use a cube of deCt{k,m)}. 
Furthermore, we denote by 

Lt(k, m) = Lt(k, m) U deCt{k, m). 

Next, we will focus on the cubes in Lt(k, m) that contain neither a vertex of 9C(k, m) nor 
a vertex of C(k, m). More precisely, let (see Fig. 2) 

Q;(k, m) = {Btiu) e Lt(k, m) : Btiu) n [aC(k, m) U C(k, m)] = 0}. 

Note that Qj(k, m) may be empty. If it is empty, then we will stop our process. We collect 
all the cubic L'^-clusters in Qj(k, m) to denote them by 

Q;(k, m, 1), Q;(k, m, 2), • • • , Q;(k, m, r'). (2.7) 
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S(k,m) (Exit 1) 



S(k, m) (Exit 2) 




S(k, m) 
(Exit 3) 



Figure 2: This graph shows how to construct linear cubes that contain a zero-, or closed, 
cutset. The large dotted line, c?eC(k, m), is a zero-boundary for open cluster B(k, m). The 
cubes {Bt{\x)} that contain 9eC(k, m) are 9Ct(k, m). Part of the cubes from 9Ct(k, m) 
enclose a cubic circuit (9eCt(k, m). The circuit, 9eCt(k, m), divides Z*^ into two parts: the 
inside part including B(k, m) and the outside part. There are three ponds Q'(k, m, i) for 
i = 1,2,3 in the inside part. Two are live ponds, named Qt(k, m, 1) and Qt(k, m, 2), but the 
third pond is dead. On the cubic circuit, there are three exits such that open paths (boldfaced 
lines) in S(k, m) penetrate deCt{k, m) from the outside. The first exit to a pond is blocked by 
closed edges, so the pond is called a dead pond. In exit 2, an open cluster (boldfaced lines) in 
S(k, m) goes into a good component containing live ponds Qt(k, m, 1) and Qt(k, m, 2), where 
Q(k, m, 1) is connected to Q(k, m, 2) by an open cluster in S(k, m). In fact, the open cluster 
can further extend to the inside of the live ponds (lightfaced lines), but we ignore them. Exit 
3 does not connect to a pond. 
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We will name the cubic L'^-clusters ponds (see Fig. 2). Note that Lt(k, m) only contains 
three kinds of cubes: 9Ct(k, m), Q^(k, m), and Ct(k, m). 

Let us analyze the geometric structure of the ponds. For a pond Qt(k, m, i), let (9eQj(k, m, i) 
be its exterior boundary cubes (see Fig. 2). More precisely, these are the cubes that do not 
belong to Q^(k, m, i), but are L'^-adjacent to Q^(k, m, i)). Furthermore, there exists a cubic 
Z'^-connected path from each boundary cube to oo without using the cubes of Qj(k, m, i). 
By Lemma 1 in Kesten and Zhang (1990), we know that 

9eQt(k, m, i) is Z'^-connected. (2.8) 

We want to remark that c?eQj(k, m, i) and (9eQf(k, m,j) may have common cubes even 
though 

Q;(k,m,i)nQ;(k,m,i) = 0. 

We also want to remark that a cube is in (5eQi(k, m, i), but it may also be in (9eCt(k, m). 
Note that Q;(k, m, i) n [C(k, m) U(9C(k, m)] = 0, so d^Q'tiK m, i) n [C(k, m) U(9C(k, m)] 0. 
Thus, 9eQ((k, m, i) either contains a vertex of 9C(k, m) or all its vertices must be in C(k, m). 
However, the latter case is impossible; otherwise, the adjacent cube of Bt{u) in the pond 
would then contain C(k, m). Therefore, 

[jdeQ't{Km,i) cdCtiKm). (2.9) 

i 

Recall our definition of the inside boundary from the beginning of this section. With this 
definition, we define all the open clusters in L(k, m) (see Fig. 2) starting from the inside 
boundary of the ponds and U(9eCt(k, m)) without using edges of ponds. More precisely, 
let D'^, • • • , D;, be all open clusters in Lt(k, m) \ (Ji int(Qj(k, m, i)). Now we only collect the 
open clusters from D'^, ■ ■ ■ , DJ, such that they contain at least a vertex of the inside boundary 
of Q^(k, m, i) or a vertex of U (deCt(k, mj) , but we ignore the other open clusters (see Fig. 
2). We denote the collected open clusters by Di, • • • , D;. Let 

S'(k,m) = |jD,; 

i=l 

Sj(k, m) = {Bt(u) : Bt{u) contains a vertex of S'(k, m), 5t(u) ^ 9eCt(k, m) U (?eQj(k, m)}. 

Note that it is possible for SJ(k, m) to be empty. 

For each pond Q^(k, m, i), let Q'(k, m, i) be all the vertices of Q^(k, m, i) together with 
the open clusters in S'(k, m) starting from the inside boundary of the pond. Q'(k, m, i) 
and Q'(k, m,j) are connected if they have a common vertex. This connection decomposes 
{Q'(k, m, i)} into several connected components. A component is said to be goodii it contains 
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a vertex of U(9eCt(k, m)); otherwise, it is bad. The ponds in a good component are called 
live ponds; otherwise, they are called dead ponds (see Fig. 2). We collect all the live ponds 
in good components to denote them by 

Qt(k, m, 1), Qt(k, m, 2), • • • , Qt(k, m, r). 

In addition, we also eliminate all the open clusters from S'(k, m) in the bad components (see 
Fig. 2). We denote the remaining open chisters in S'(k, m) by S(k, m). We also denote by 
St(k, m) the cubes in S^(k, m) that contain a vertex of S(k, m). Finally, we denote by 

TtiK m) = d,Ct{K m) U Si(k, m) IJ d^QtiK m, t). 

i 

With these definitions, we have the following lemmas. 

Lemma 3. For all configurations in Q{\i,m), 

S(k,m) nC(k,m) = 0, (2.10) 

and for each i, 

Qt(k,m,i) nC(k,m) = 0. (2.11) 

Proof. If (2.10) does not hold, then there exists a common vertex v in S(k, m)nC(k, m). 
Note that v is connected by an open path to a pond or to U(9eCt(k, m)), so the pond or 
U((9eCt(k, m)) will contain a vertex of C(k, m). This will contradict the assumption of 
ponds or (2.6). By the same argument, (2.11) holds. □ 

By Lemma 3, on Q{k,m), 

S(k, m) n B(k, m) = 0, and Qt(k, m) n B(k, m) = 0. (2.12) 

Lemma 4. For all configurations in Q{k,m), rt(k, m) is a TJ^ -connected cube set. In 
addition, 

rt(k,m) caCi(k,m). 

Proof. By (2.4), (9eCt(k, m) is Z°'-connected. By our definition for components and 
(2.8), the cubes in 9eQt(k, m, i) and the cubes containing open clusters in S(k, m) starting 
at 9iQt(k, m, i) are Z'^-connected. Note that we only focus on good components, so all 
these cubes are also Z'^-connected to 9eCt(k, m). Therefore, this shows that rt(k, m) is 
Z'^-connected. 
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Now we show the second argument in Lemma 4. For a cube Bt{\i) e 9eCt(k, m), we 
know Bt{u) e dCt{k,m). For a cube Bt{u) e 9eQt(k,m,i), by (2.9), Bt{u) e dCt(k,m). 
For a cube Bt{u) e St(k, m), note that 

5i(u) ^5eQ(k,m)U9eQt(k,m,z). 

i 

In this case, as we mentioned earher, Lt(k, m) only contains three kinds of cubes: dCt(k, m), 
QJ(k, m), and Ct(k, m). Thus, -Bt(u) either contains a vertex of 9C(k, m) or all its vertices 
are in C(k, m). Note that the latter case will contradict Lemma 3, so Bt{u) e 9Ct(k, m). 
Therefore, 

rt(k,m) C aCt(k,m). □ 



With these definitions and lemmas, we would like to show the following fundamental 
geometric lemma. 

Lemma 5. For all configurations in Q{k,m), rt(k, m) contains a zero-cutset. 

Proof. To show Lemma 5, we need to show that there is a cutset in rt(k, m) and that 
all its edges are closed. If we collect all closed Z'^-edges in Tt(k., m), for any Z'^-path 7 from 
00 to B(k, m), we only need to show that 7 must use one of these closed edges. We will 
now go along 7 from cxd to B(k, m). By Lemma 2 and the definition of the surface, 7 must 
reach the surface U(9eC((k, m)). Let Vi be the last vertex of 7 at the surface such that the 
remaining piece of 7 from vi to B (k, m) , denoted by 71 , will not have common vertices with 
the surface. 

We suppose that in the following case, case (a), vi ^ S(k, m). By the definition of 
S(k, m), the edge next to Vi in 71 must be closed. Thus, 71 will use a closed edge in 
9eCt(k, m), so Lemma 5 follows for case (a). 

Now we suppose the following case, case (b), where Vi e S(k, m). We only have the 
following two subcases: 

(1) 7i follows from the open paths in S(k, m) to reach the inside boundary of a live pond 
Qt(k,m,i). 

(2) 7i does not. 

By Lemma 3, we know that S(k, m) nB(k, m) = 0. Thus, 71 will use a boundary edge of 
S(k, m). Note that S(k, m) is an open set (not necessarily an open cluster), so its boundary 
edges, except the edges in ponds or outside of L(k, m), are closed. Therefore, in case (b), (2), 
the boundary edge is closed. In other words, 71 must use a closed boundary edge of S(k, m). 
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but not in ponds. Thus, this closed boundary edge is either in St(k, m) or deCt(k, m). Thus, 
Lemma 5 follows for case (b), (2). 

Now we focus on case (b), (1). By (2.12), 71 must leave from Qt(k, m, i) and never comes 
back before reaching B(k, m). Let V2 be the last vertex such that 71 will be out of Qt(k, m, i) 
at V2 and will never return after V2. We denote by 72 the subpath of 71 from V2 to B(k, m). 
Now we assume the following two sub-cases: 

(3) 72 follows from open paths in S(k, m) from V2 to meet another pond Qt(k, m,j) for 

(4) 72 does not. 

For case (b), (1), (4), we can use the same argument as case (a) or as case (b), (2) to 
show that 72 either uses a closed edge in 9eQt(k, m, i) or in St(k, m) U9eCt(k, m). Therefore, 
Lemma 5 follows for case (b), (1), (4). 

For case (b), (1), (3), we can use the same argument as case (b), (1), (4) to show that 
either 72 will reach another pond Qf(k, m, /), or it will use a closed edge in (5eQt(k, m,j) or 
in St(k, m) U c?eCt(k, m). Note that the number of live ponds is finite, so by simple induc- 
tion, we can show that 71 must use a closed edge in Tt{k,m). With this observation, if we 
collect all the closed edges in rt(k, m), these closed edges consist of a closed cutset that cuts 
B(k, m) from 00. Therefore, Lemma 5 follows. □ 

Since ri(k, m) contains a closed cutset for B(k, m), we select a closed self- avoiding cutset 
inside r((k, m) using a unique method and denote it by r(k, m) with Z'^-edges. Now we 
will show another geometric property for r((k, m). For a cube i?t(u), we denote by -Bf(u) 
the cube -Bt(u) and its L'^-adjacent neighbor cubes. We call -Bt(u) a t-cube and call -Bt(u) a 
3t-cube. Through a simple computation, B(k, m) contains 9 or 27 i-cubes when d — 2 or 3. 
In general, 

the number of i-cubes in Bt{u) < 2^*^. (2.13) 

Also, a Z'^-connected neighbor of Bt{u) and -Bt(v) have common vertices. We simply name 
these vertices the surface of Bt{u). A cube has 2d surfaces. In particular, two surfaces of 
Bt{u) with a distance t are called opposite surfaces. 
We divide cubes Tt(k.,m) into two groups: 

(a) deCtiK m) U d,Qt{K m, i) and (b) St(k, m). (2.14) 

i=l 

A cube Bt{u) is said to have a blocked property if (1) there are two surfaces of t-cubes 
in Bt{u) that are not connected by open paths in Bt{u), or (2) there is an open path inside 
Bt{u) from one surface of Bt{u) to the boundary of Bt{u), without connecting in Bt{u) to 
one of the surfaces of i-cubes in Bt{u). For an independent purpose, we require that the 
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above open paths will only use the edges in int(S(u)). Intuitively, open paths are blocked to 
reach certain surfaces. Note that Bt{u) is a blocked cube that only depends on configurations 
of edges in int(i?f(u)). If a cube Bt[n) is in the cubic set of (2.14) (a), then it is either a 
boundary cube of live ponds or a cube in (9eCt(k, m). If one of its L'^-neighbor cubes belongs 
to B(k, m), then there are two surfaces of the t-cubes in -Bt(u): one is of the cube in B(k, m) 
and another one is of the cube in the live ponds or in U(9eCt(k, m)). By Lemma 3, the two 
surfaces cannot be connected by an open path in Bt{u). The cube has a blocked property. 
If Bt{u) is not next to B(k, m), then, by Lemma 4 and the definition of cluster boundary, 
there is an open path in C(k, m) from Bt{u) to B(k, m). However, the open path cannot be 
connected to the surfaces of five ponds or to U(9eCt(k, m)). It also has a blocked property. 
In cither case, Bt{u) has a blocked property. 

For a fixed cube Bt{u), we say it has a disjoint property if there exist two disjoint open 
paths in Bt{u) from cube Bt{u) to 9B((u). Similarly, for an independent purpose, wc require 
that the above open paths will use the edges in mt{Bt{u)) . With this definition, Bt{u) has 
a disjoint property depending only on the configurations of edges in int(i?t(u)). If Bt{u) is 
in the cubic set in (2.14) (b), but not (2.14) (a), we may assume that 

T 

Bt{u) e St(k,m) but Bt{u) ^ 9eQ(k,m) [j 9eQt(k,m,i). 

i=l 

We will show that it has either a blocked or a disjoint property. To see this, we suppose 
that one of its L'^-neighbor cubes belongs to B(k, m). Since S(k, m) must connect to the 
inside boundary of live ponds or to U((9eCt(k, m)) by an open path, then there is an open 
path from Bt{u) to dBt{u). By (2.12), this open path cannot further connect to the cube 
in B(k, m). Therefore, Bt{u) has a blocked property. If Bt{u) is not next to B(k, m), by 
Lemma 4, there is another open path from -Bt(u) to B(k, m) in C(k, m), so that there is 
an open path from Bt{u) to 9Bt(u). Moreover, by Lemma 3, these two open paths, one in 
S(k, m) and another in C(k, m) cannot be connected. This shows that Bt{u) has a disjoint 
property. We summarize this geometric property as the following lemma. 

Lemma 6. For all configurations in ^(k, m), the cubes in rt(k, m) have either a blocked 
or a disjoint property. 

3 Probability estimates for the linear zero-cutset. 

In section 3, we will first estimate the probabilities of events on Lemma 6. 
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Lemma 7. If F{0) < 1 — Pc, then there exist Ci — Ci{F{0), d) for i — 1,2 such that for 
each cube Bt{u), 

P[i?t(u) has a disjoint property] < Ciexp(— C2t). 
Proof. The proof of Lemma 7 follows from Lemma 7.89 in Grimmett (1999). □ 

Lemma 8. // F(0) < 1 — Pc, then there exist Ci — Ci(F(0), d) for i — 1,2 such that for 
each cube Bt{u), 

P[Bt{u) has a blocked property] < Ciexp(— (72^). 

Proof. By Lemma 7.104 in Grimmett (1999), 

any two surfaces in the cubes of -Bt(u) are connected by open paths in ^^(u) 
> l-Ciexp(C2t)- 

Here we want to remark that Grimmett 's lemma only deals with the connection between 
two opposite surfaces of a cube, but the same proof can be carried out to show the above 
inequality. Now we suppose that there is an open path from Bt{u) to Bt{u) for some u, 
but the path cannot be further connected to one of the surfaces in the cubes of -Bt(u). We 
denote this event by Bt{u). By the above inequality and Lemma 7, 

< P Bt{u), any two surfaces in the cubes of Bt{n) are connected by open paths in -Bt(u) 

+Ciexp(-C2i) 

< P[St(u) has a disjoint property] + Ci exp(— 6*2^) 

< C3exp(-C4t). 

Lemma 8 follows from the two inequalities above. □ 

For a configuration uj, recall that X(k, m) is the selected cutset with passage time x(k, m). 
We also set the following edge set (see Fig. 3) as the surface edges of B(k, m): 

Q;(k, m) = {e : e is a Z'^-edge in AB(k, m)}. 

Clearly, Q;(k, m) is a cutset that cuts B(k, m) from oo. Therefore, 

X(k,m) <T(Q;(k,m)). (3.1) 
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Note that if m < mini<i<d_i ki, there are at most 2d||k||^ Z'^-edges in Q;(k, m), so 

Ex(k, m) < Er(a(k, m)) < 2d||k||^Er(e). (3.2) 

Also, with our moment assumption in (1.1), by a standard large deviation result, there exist 
Ci = Ci{F, d) for i = 1, 2 such that for all u > 4dET(e)||k||^, 

P[r(a(k, m)) > u] < Ci exp{-C2u). (3.3) 

With these observations, we have the following lemma. 

Lemma 9. If the conditions in Theorem 1 hold, and u > 4d||k||^ET(e); then 
P[x(k,m) > m] < P[r(a(k,m)) > m] < Ciexp{-C2u). 

4 Connectedness of cutsets. 

In section 4, we need to show that each self- avoiding cutset is connected. Beforehand, we 
will show a lemma. 

Lemma 10. //Z(k, m) is a self-avoiding cutset with TJ^-edges that cuts B(k, m) from 
oo, then for each edge e G Z(k, m) with two vertices fi(e) and V2{e), there exist disjoint 
paths 7i and 72 from vi{e) to B(k, m) and from V2{e) to 00 without using Z(k, m). 

Proof. For each e e Z(k, m), note that the cutset is self- avoiding, so Z(k, m) \ e is not 
a cutset. There exists a path 7 without using Z(k, m)\e from B(k, m) to 00. If 7 does not 
pass through e, then 7, without using Z(k, m), connects B(k, m) to 00. This contradicts 
the assumption that Z(k, m) is a cutset. Therefore, e C 7 and e is the only edge of Z(k, m) 
contained in 7. Let fi(e) and f2(e) be the two vertices of e. By this observation, there exist 
paths 7i and 72 from t'i(e) to B(k, m), and from V2{e) to 00, respectively, such that 

7i n Z(k, m) = Vi{e) and 72 fl Z(k, m) = V2{e). 

Therefore, Lemma 10 is proved. □ 

For Z(k, m) defined in Lemma 10, let Z(k, m) be all the vertices that are connected 
by Z'^-paths to B(k, m) without using Z(k, m). Note that B(k, m) is Z'^-connected, and 
so is Z(k, m). Recall that AeZ(k, m) is denoted by the Z'^-edges between 5eZ(k, m) and 
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9iZ(k, m). For each edge e e Z(k, m), as we proved in Lemma 10, there exist 71 and 72 from 
Vi{e) to B(k, m), and from V2{e) to 00, respectively, without using Z(k, m). Note also that 

72nZ(k,m) = 0; 

otherwise, Z(k, m) would not be a cutset. Therefore, Vi{e) E Z(k, m), but V2{e) ^ Z(k, m) 
and is connected by a path 72 without using an edge of Z(k, m) from V2{e) to 00. This 
implies that e e AeZ(k, m), so 

all edges of Z(k, m) C AeZ(k, m). (4.1) 

For e G AeZ(k, m), by the definition of Z(k, m), f i(e) is connected to B(k, m) by 71 without 
using an edge of Z(k, m), and f2(e) ^ Z(k, m). This teUs us that e G Z(k, m), since, 
otherwise, 71 U {e} would be a path that does not use Z(k, m) from V2{e) to B(k, m). So 
V2{e) e Z(k, m). Therefore, 

AeZ(k, m) C aU edges of Z(k, m). (4.2) 

By (4.1) and (4.2), we have 

AeZ(k, m) = all edges of Z(k, m). (4.3) 

By Lemma 1, 9eZ(k, m) is Z'^-connected. By (4.3), each vertex of 9eZ(k, m) is either 
Z'^-adjacent to Z(k, m) by a Z'^-cdgc in Z(k, m) or L'^-adjacent to Z(k, m). Suppose that 
V G 9eZ(k, m) is only L^-adjaccnt to Z(k, m), but is not Z'^-adjacent. It is easy to verify 
(see Fig. 1) that one of its L'^-ncighbors is Z'^-adjacent to Z(k, m). In other words, one 
of its L'^-neighbors is adjacent to Z(k, m) by an edge in Z(k, m). Let us account for the 
number of L'^-neighbors for a vertex. Without loss of generality, we account for the origin. 
We assume that (xi, ■ ■ ■ ,Xd) is an L^-neighbor of the origin. Thus, Xi can take either ±1 
and zero. Hence, there are at most 3^^ L'^-neighbors for the origin. With this observation, for 
each Z'^-edge e in Z(k, m), there are at most 3'^''"^ vertices in 9eZ(k, m) that are L'^-adjacent 
to e. With Lemma 1 and with these observations above, we have the following lemma to 
show the connectedness of cutsets. 

Lemma 11. //Z(k, m) is a self-avoiding cutset that cuts B(k, m) from 00, then 9eZ(k, m) 
is Z''- -connected and 

the number of Z'^-edges in Z(k, m) > |9eZ(k, m)|/3'^+^ (4.4) 

Now we focus on the connectedness of the cutsets that cut Fq from F^,. Let V(k, m) 
be a self-avoiding cutset that cuts Fq from F^. Similarly, let V(k, m) be the all vertices 
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in B(k, m) that are connected by Z'^-paths in B(k, m) to Fq without using V(k, m). In 
addition, let AV(k, m) be the all boundary edges of V(k, m) in B(k, m). For each edge 
e e AV(k, m), if there exists a path in B(k, m) from one of its vertices to F„j without using 
edges in V(k, m), then e is an exterior boundary edge of V(k, m). We denote by AeV(k, m) 
all the exterior boundary edges of V(k, m). By the same proof as (4.3), we can show that 

Ae V(k, m) = all edges of V(k, m) . (4.5) 

Kesten (Lemma 3.17 in Kesten (1988)) showed that for d = 3, (9eV(k, m) is Z'^-connected; 
but his proof can be directly adapted to apply for all d > 3. On the other hand, it can also 
use the same proof of Lemma 1 to show the Z'^-connectedness of (9eV(k, m). By the same 
discussion of (4.4), we can work on the number of Z'^-edges of V(k, m). We summarize the 
above results as the following lemma. 



Lemma 12. //V(k, to) is a self-avoiding cutset that cuts Fq from F^ in B(k, m), then 
9eV(k, m) is 7/^-connected and 

the number of Z'^-edges in V(k, m) > |c?eV(k, m)|/3''+^ (4.6) 



5 Proof of Theorem 1. 



In this section, we assume that F(0) < 1 —pc- For each < e < 1, e is said to be an e+-edge 
or e~-edge if T(e) > e or < T(e) < e. Let A'"+(k, m) and A'"~(k, m) be the numbers of 
e+-edges and e~-edges in X(k, m), respectively. Note that 

eA^'''(k, m) < x(k, m), 

so if we take /3i = 4c?ET(e), by Lemma 9 for n > e~^/3i||k||^ there exist Cj = Cj(F, d, e) for 
i = l,2, 

P [Ar+(k,m) > en] < P [x(k,m) > e^n\ < Ci exp(-C2n). (5.1) 
Now we take care of the e~-edges in the cutset. By our definition, 

P[e is an e" edge] < F(e) - F(0) = 6^ = 5i(e), (5.2) 



where 5i — > as e — > 0. We need to fix a vertex of X(k, m). Since X(k, m) is a cutset, it 
must intersect the line L: 



L = {{xi, X2, - ■ ■ ,Xd) ■ Xi = for i > 2}. 
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We let z = (xi, 0, • • • , 0) be the intersection vertex of X(k, m) and L. If there are many 
intersections, we select one with the largest Xi-coordinate and still denote it by z. Note that 
if dist(0, z) = I for some I, then 

the number of edges X(k, m) is larger than I. (5.3) 

To show (5.3), simply note that each layer between the hyperplanes xi — i and xi — {i + 1) 
for i < I contains at least one edge of X(k, m). 

Now we estimate the following probability for small Si defined in (5.2) and for a constant 
D = D{d) selected later: 

P [A^(k,m) > n,N-(k,m) > -(D\og-\5i))N(k,m) . 

By (5.3), we fix z to have 

P[A^(k,m) > n,A^-(e,k,m) > -{D\og-\Si))N{k,m) 

oo j 

= E E P [^(k, ^) = i, xi^i.N- (k, m) > -Dj log-^ {5i) . 

j=n 1=0 

Recall X(k, m) and 9eX(k, m) defined above (see (4.2)). As we defined before, X(k, m) is 
unique for each configuration, and so is 9eX(k, m). Thus, for two different fixed sets Fi and 
we have 

{c)eX(k, m) = Fi} and {c)eX(k, m) = are disjoint. 

If 9eX(k, m) = Fi, wc say that 9eX(k, m) has a choice Fi. 

If xi — i, then by Lemma 11, (?eX(k, m) is Z'^-connected and 

|9eX(k,m)| <3'^+ij. 

Thus, by using (4.24) in Grimmett (1999), there are at most choices of these cutsets 

for (9eX(k, m) when X(k, m) has j edges. After (9eX(k, m) is a fixed vertex set, we select 
the vertices in 9eX(k, m) with Z'^-edges of X(k, m). We next select the Z^-edges of X(k, m) 
adjacent to these vertices. Note that each vertex has at most 2d adjacent edges, so there are 
at most 

{2dy < 2^'^"\2dy 
for the selections. Thus, if |F|e is denoted by the number of edges in F, 
P [Ar(k,m) > n, Ar-(k,m) > -(D log-^(5i))Ar(k, m)" 



s'c;') 
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oo ] 



= EEP [iV(k,m) = =^,iV-(k,m) > -Dj\og-\5^) 

j=n 1=0 

oo 

< Ei'^'^^''^'^2^''^'^(2c^)'' inaxP |r|e = j, r contains more than -Djlog~^{6i) e"-edges 

j=n 

where F is a fixed cutset that cuts B(k, m) from oo with a number of edges |r|e = j, and 
the maximum is taking over all the possible F. Let us estimate the probability in (5.4) for 
a fixed set F with more than —Dj log^^(5i) e~-edges for a large number D. 

|F|e = j, F contains more than —(Dj) log'~^(5i) e~-edges < ^ (''j^i- (^■^) 



i>-Djlog-\di) 



By using Corollary 2.6.2 in Engle (1997), there are at most 



{^^ < exp [jhC-,)^ , (5.6) 

where 

H{x) = —a; log a; — {1 — x) log(l — x). 

By (5.6), we have 

E (^)'^i< E exp{jH{t/jM. (5.7) 

If < X < 1, we have 

H{x) <2xlog{l/x). (5.8) 

By (5.7) and (5.8), 

E (^)^i< E exp[2ilog(j7z)+zlog(<5i)]. (5.9) 

Note that —Dj\og~^{Si) < i < j and log(j/i) is decreasing when i is increasing until j, so 
for small Si and D > 1, we have 

log-<log— — ^-^XTTT- (5-10) 
I -Dj log {Si) 

Note also that if 5i — > 0, then 

log(-log((5i)) 



log Si 
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from the left. 



so we take a small 5i, 
Hence, by (5.9) 



log(-log(5i))<-(log(5i)/4. 



E 

i>-I3jlog-i((5i) 

We use (5.11) in (5.5) to produce 



'J 



]S{< E exp(-log(50). 

V i>-Djlog-i(5i) 



(5.11) 



|r|e = j, r contains more than —Djlog ^{Si) e -edges 



E 

i>-Djlog-i(5i) 



< exp(^log(5i)/2) 

j>-Djlog-i(5i) 

<2exp(-L>i/2). 
With this observation and (5.4), 

P [iV(k,m) > n,N-{k,m) > -{D\og-\Si))N{k,m) 

oc j 

= E E P [^(k, m) =j,xi=t, N- (k, m) > -Dj log-\6i) 

j=n i=0 

oo 

< ^ j7'^3'^'^2^'^'^(2rf)^maxP [r, |r|e = j, T contains more than -Djlog-\5i) e'-edges 

j=n 

oo 

< E j7'^'^''2''^''{2dy exp{-Dj/2). 



j=n 



By taking D — D(d) and a small Si, there are = Ci(F, d, 5i) for i = 1, 2 such that 

iV(k,m) >n,N-{k,m) > -{D\og'\6i))N{k,m)] < Ciexp{-C2n). (5.12) 



(5.13) 



For a configuration cu, we denote edges e in the cutset by ei, • • • , ej. Therefore, 

J 

X(k,m) = ^r(ei). 

i=l 

By (5.1) and (5.12), for all small e and corresponding 6i and and for all n > e~^/5i 
there are = Ci(F, d, e) for i = 1, 2 such that 

P [A^(k, m) > n] 

< ^P [7V(k,m) = j,iV+(k,m) < ej,N-{k,m) < -(Dj) log-^(5i)] + Ci exp(-C2n). (5.14) 

j>n 
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On [N+{k,m) < ej, A^-(k,m) < -{Dj)\og''^{5i)], we have 

J<(e-Dlog-\S^))j. (5.15) 
For a large number t, by (5.14), we take e small and then n large such that 

P [A^(k, m)>n]<Y,F [N{k, m) ^j,J< j/{A{4t)'^)] + Ci exp(-C2n) (5.16) 

j>n 

for Ci = Ci{F,d,e,t) with i — 1,2. Note that the edges in X(k, m) other than e, for 
i = 1, ■ ■ ■ , J are zero-edges, so if we change these e^-edges from positive to zero, we will 
have a closed cutset corresponding to another configuration u'. More precisely, for each 
configuration uj, if we make the changes for these e^-edges, then uu will change to another 
configuration cj'. Since X(k, m)(ci;) is uniquely selected, cu' is determined uniquely for each 
Lo. If there exists a closed cutset for a;', there exists the zero-cutset r(k, m){u'), constructed 
in section 2 inside Tt(k.,m){u;'). By Lemma 4, rt(k, m)(a;') is Z'^-connected. Therefore, for 
each configuration cu, ei, • • • , ej exist. So we have cu' and r(k, m)(a;'). If we change these 
edges in {ei, ■ ■ ■ , ej} from zero back to the original values, r(k, m), as a vertex set, exists 
corresponding to uj, but it will no longer be a closed cutset. Wc denote it by r(k, m)(u;), 
as this vertex set for the configuration uj. Note that r(k, m)(a;) is uniquely determined for 
each UJ. We claim that for each configuration, 

T(r(k,m)(a;))=x(k,m)(u;). (5.17) 

To see this, note that r(k, m)(a;) is a cutset, so 

r(r(k,m)(a;)) >x(k,m)(u;). (5.18) 

On the other hand, the other edges in r(k, m)(a;), except for ei, • • • , ej, are all zero-edges, 
and X(k, m) uses all the edges ei, • • • , ej, so 

r(r(k, m){uj)) < T(X(k, m)) = x(k, m)(a;). (5.19) 

Therefore, (5.17) follows. By the definition of A^(k, m) and (5.17), note that r(k, m) as a 
vertex set is the same for either a; or a;', so we have 

|r(k,m)(u;')|e = |r(k,m)(a;)|e > N(k,m)(uj). (5.20) 

If these edges ei, • • •, ej are zero-edges, as we mentioned above, r(k, m) is a zero-cutset 
contained inside rt(k, m). Since Tt(k-,m) is also a cutset, rt(k, m) and L must intersect. 
We denote by Bt{z){uj') the cube in Tt{'k,m){uj') that intersects L. If there are many such 
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cubes, we simply select z with the largest xi value. By the same argument of (5.3), if I is 
denoted the number of cubes with the lower corners at L from the origin to z, then 



the number of cubes in r((k, m)(a;') is larger than /. (5-21) 

For Lv' and each t-cube in Tt(k,m){uj'), by Lemma 6, it has cither the blocked or disjoint 
property. By our definition, if Bt{u) and Bt{v) for fixed u and v satisfy that 

int(54(u))nint(5t(v)) =0, 

then 

{Bt{u) has a blocked or disjoint property} and {-Bt(v) has a blocked or disjoint property} 

are independent. Therefore, we need to decompose TtCk, m){uj') into 3t-cubcs such that their 
center cubes belong to rt(k,m){u'). By a standard estimation (see Grimmett and Kesten, 
page 345 (1984) or Zhang, pages 21 (2007), or Steele and Zhang (2003), Lemma 6 by using 
Turan's theorem), if the number of cubes in Tt['k,m){uj') is s, then 

3 at least disjoint 3t-cubes with their center cubes belong to rt(k, m)(a;'). (5.22) 

Let M3t(k, m)(a;') be all the disjoint 3i-cubes and M3t(k, m)(a;') be the number of the St- 
cubes in M3((k, m)(a;'). Note that each i-cube has 2i'^ edges, so by (5.20) and (5.22), if 
A'"(k, m){u;) — j, then 

A/r (ir rr,\(, ,'\ > # cubcs iu Tt{k,m){u;') |r(k,m)(a;0|e N{k,m){uj) _ j 
Ms,{k,m){u;) > > ^^STI^ ^ 2(4^)'^ ' 2(4^" ^^"^^^ 

Furthermore, if 

J{uj) < j7(4(4i)'^) and A^(k,m)(u;) = j and # cubes in Tt{'k,m){u;') = s, 
then by (5.22) and (5.23), for each a;', there are at least 

, , . j M3t(k,m) , M3t(k,m) _7_ i^M^ s 
^-(^'"^^-(4(4^^^^ + ^ W¥)-^^~^ ^ 

disjoint 3i-cubes in M3t(k, m)(a;') such that their center t-cubes have either the blocked 
or disjoint property, and these interior 3t-cubes do not contain ci, • • • ,ej. Note that these 
disjoint cubes always have the blocked or disjoint property whether T(ej) is positive 

or zero for i = 1, 2, • • • , J, since they do not contain these edges in their interiors. We call 
them permanent blocked or disjoint cubes. Now we change these edges in {ci, • • • , ej} from 
zero back to the original values. We still have permanent block or disjoint 3i-cubes. 
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In summary, for each uj, if A^(k, m)(a;) = j, and J{uj) < j/{A{AtY), note that by (5.20), 

# cubes in rt(k,m)(cu') =s> \T{\^,m){u)\J {2t)'^ > N{k,m){uj)/{2tY = j /{2ty, (5.25) 

so by (5.21)-(5.24), there are Z'^-connected s > j/{2ty i-cubes containing Bt{z) for z e L 
with ||z|| < s such that 

(a) there are at least disjoint 3t-cubes containing the above t-cubes as their center 
cubes and 

(b) each center i-cube in these 3i-cubes in (a) has the blocked or disjoint property, 

where the blocked or disjoint property in (b) corresponds to the configuration cu. We denote 
the event of (a) and (b) by £{s,j,z). 

Now we try to estimate £{s,j,z) by fixing these 3t-cubes in the following steps. We 
suppose that the connected t-cubes in event S{s,j,z) is Ft with s cubes in Ft- First, wc fix 
Bt{z). By (5.21), there are at most s choices for this cube. With this cube, note that Ft is 
Z'^-conncctcd, by using a standard computation technique (see (4.24) in Grimmett (1999)), 
there are at most s7'^'^^ choices for this set Tf. If Tt is fixed, we select these disjoint 3t-cubes 
in Tf. There are at most 



choices for these 3i-cubes. With these 3i-cubes, we select these disjoint s/2^''+^ 3i-cubes 
such that their center cubes are permanent blocked or disjoint i-cubes. There are at most 



choices. Therefore, by Lemmas 7 and 8, there are Cj = Ci{F,d,e,t) for i = 1,2 and Cj = 
Cj(F(0), d) for i = 3, 4 such that 





P [A^(k, m) > n] 

< ^ P [N{k, m) =j,J< J7(2(4t)'^)] + Ci exp(-C2n). 



j>n 



j>n s>j/{2tf 



< E E sl^'''2'2' [Cs exp(-C4t)]'/'''^' + Ci exp(-C2n). 



j>n s>j/{2tY 



If we take t large, there exist Q = Ci(F, /5, e, t) for i = 1, 2 such that 



P[A^(k,m) > n] < Ciexp(-C2n). 



(5.26) 



Therefore, Theorem 1 follows. 
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6 Proof of Theorem 2. 



Since section 6 focuses on the edges inside B(k, m), we use Pk,m(') to denote the probabihty 
measure. In addition, we assume that F{0) < 1 — Pc in this section. Let a(k, m) be vertical 
edges between OiLjOjfci] x {0} and nf=i[0,/^i] x {1} inside B(k, m). Note that a{k) is a 
cutset that cuts Fq from F^, so 

r(W(k,m)) < r(a(k,m)). (6.0) 

By a similar large deviation result for a(k, m) in the last section, note that there are ||k||^ 
edges in a{k,m). Thus, if (1.1) holds and u > 2Er(e)||k||^, then there are Ci = Ci{F,d) 
such that 

P^m [T(W(k, m)) >u]< Pk,™ [r(«(k, m)) > v] < Ci cxp{-C2u). (6.1) 

Recall that e is said to be an e+-edge or e^-edge if r(e) > e or < r(e) < e. Let A^^(k, m) 
and -/V~(k, m) be the numbers of e^-edges and e^-edges in W(k, m), respectively. Note that 

eN+{k,m) < T(W(k,m)), 

so if we take Pi = 2ET(e), by (6.1) for n > €~'^Pi\\k\\y 



< Ci exp(— C2n). 



(6.2) 
(6.3) 



Pk,m [A^+(k,m) >en" 

Now we take care of the e~-edges in the cutset. As in (5.2), we assume that 

Pk,r„[e is an e" edge] < F(e) - F(0) = 6^ = (5i(e), 

where (5i ^ as e — > 0. With a small Si, we estimate the following probabihty: 

Pk,„. [N{k,m) > n,N-{k,m) > -{Dlog-\5i))N{k,m) . 

Similar to (5.4), we need to fix a vertex in W(k, m) fl L. Since L must intersect W(k, m), 
we select the intersection z with the largest Xi-coordinate. There are at most m choices 
for z, since W(k, m) stays inside B(k, m). By our assumption in Theorem 2, note that 
n > P\\k\\v > \\k\\y, 

m < exp(||k||i,) < exp(n). (6-4) 
When z at W(k, m) is fixed, by Lemma 12 and the same estimate in (5.4), we have 
Pk,m [N{k,m) > n,N-{k,m) > -{D\og-\5i))N{k,m) 

oo 

= J2Pi,,m \Nik,m)=j,N-{k,m) > -Djlog-\Si) 



j=n 

oo 



< 



j=n 



X max Pk,ri 



|r|e — j, r contains more than —Djlog ^{Si) e -edges 
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where F is a fixed cutset that cuts Fq from F^^, such that the number of its edges |r|e = j, 
and the maximum takes over all possible fixed vertex sets F. For a fixed set F, by the same 
estimate from (5.5)-(5.11), we have for a small Si > 0, 

Pk,m [r, |F|e — j, F contains more than —Dj\og~^{5i) e~-edges 

i>-Dj\og-\Si) \V 

< exp(L'ilog(5i)/2) 

i>-Djlog'\5i) 

<2exp(-L>j72). 

With this observation, by taking D — D{d), there exists /3 > 1, and e, and Cj = Ci(F, d, e) 
for i — 1,2 such that for all n > /3||k||„, 



k,m 



7V(k,m) > n,iV"(k,m) > -Dlog"'(5i)iV(k, m 



< exp(n) 7''^'^'^2^'^'^{2dyeM-Dj/2) 



]=n 



< Ci cxp(— (72^). 



(6.5) 



Therefore, for a small e and corresponding 6i, by (6.2) and (6.5), there exists /? = /9(e) > 



e Pi such that for n > /3||k||^, 



Pk,^ [N{k,m) >n 



<Y,P^,,m [N{k,m)^j, N+{k,m) < ej,N-{k,m) < -Dj\og-\5i)j 

j>n 



+ Ciexp(-C2n). 



Similarly, we denote by J the number of all e^-edges in W(k, m), and {ei, • • • , ej} are these 
6=*= edges. On 

{7V+(k,m) < ej,Ar-(k,m) < -Djlog-\6i)} , 

we have 

(6.6) 



J<[e-D\og-\6i))j. 
Therefore, for any large t, we take /? large such that for all n > (3\\k\\y, 



k,m 



A^(k, m)>n]<Y^ P^ m [N{k, m) ^j,J< j/{2{4ty)] + Ci exp(-C2n). (6.7) 

j>n 



For a configuration cu, since Ci, • • • , ej are the only non-zero edges in W(k, m), 

J 

Tmin(k,m) = 51 '^(^0- 
i=l 



(6.8) 
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B(k, m) 



W 



r(k,0)(u;') 



Fo = B(k,0) 



Figure 3: The surface edges o/B(k, m), denoted by a(k,m), are the dotted lines outside 
B(k, m). We can use the surface together with W(k, m)(a;') to construct a cutset that cuts 
Fo from oo. Thus, any open path from F^ to Fq must use an edge 0/ W(k, m). r'(k, m) 
only uses the edges inside B(k, m). 



To use the proof of Theorem 1, we need to construct a cutset that cuts B(k, 0) = Fq from 
00. We need to use the surface edges a(k, m) defined in section 3 (see Fig. 3) and W(k, m). 
In particular, the surface edges of a(k, m) adjacent to F^ are called the top surface edges. 
Moreover, let all the surface edges be closed. Note that the surface edges are outside of 
B(k, m), so it will not affect our measure Pk,m(")- With the closed surface edges, any path 
from B(k, 0) to 00 must use at least one surface edge. Thus, the closed surface consists of a 
zero-cutset, so ^(k, 0) occurs. Therefore, rt(k, 0) defined in section 2 exists and it contains 
a zero-cutset r(k, 0). Note that 9eC(k, 0) cannot be outside of the surface boundary, so we 
may choose our r(k, 0) such that 

r(k, 0) uses only edges of the surface and the edges in B(k, m). (6.9) 

Let 

r'(k, 0) = r(k, 0) n B(k, m) and r;(k, 0) = {Bt(u) : Bt(u) n r'(k, 0) ^ 0}. 

For each configuration cu, if we change all Ci, 62, • • • , ej from to zero, we have another 
configuration co'. With these changes, W(k, m)(a;') is a zero-cutset that cuts Fq from F^. 
Furthermore, we will show that 

r'(k, 0)(a;') is a closed set inside T[{k, 0){lv') that also cuts Fq from F^. (6.10) 
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Before showing (6.10), we first show that for a;', r(k, 0)(a;') is a zero-cutset that cuts Fq 
from F^. Intuitively, the surface edges in Q;(k, to) and the edge of W(k, to)(c(;') consist of a 
zero-cutset, so r'(k, 0){lj') only uses the edges inside B(k, m){uj') (see Fig. 3). If r(k, 0){uj') 
is not a cutset that cuts Fq from F^, then there exists a path (not necessarily open) from 
Fq to Fm without using an edge of r(k, 0)(a;'). The path must reach a vertex of an edge, 
denoted by e, in the top surface. By (6.9), e G r(k, 0)(cc;'); otherwise, we can construct a 
path from B(k, 0) to oo without using an edge of r(k, 0)(a;'). In other words, it reaches 
an edge in r(k, 0)(c<;') and the edge is also adjacent to F^ from outside of B(k, to). Let 
Bt{u) e r((k, TO)(a;') be the i-cube that contains the edge. Since ki/t and m/t are integers, 
Bt{u) and B(k, to) do not have other vertices in common, except for vertices at F^. By 
Lemma 4, there exists an open path from Bt{u) to B(k, 0) = Fq. Note that the surface is 
closed, so the open path must go from F^ to Fq inside B(k, to) (see Fig. 3). However, this 
situation contradicts the fact that W(k, to)(c<j') is a zero-cutset. This contradiction shows 
that r(k, 0){uj') is indeed a cutset that cuts Fq from F^. Furthermore, note that uj' has more 
zeros than a;'s and all edges in r(k, 0)(a;) are aU zero-edges, so r(k, 0)(co'') is a zero-cutset 
that cuts Fq from F^. Note that the edges of r(k, 0)(c<;') outside of B(k, to) will not affect 
whether or not r(k, 0)(a;') cuts Fq from Fm inside B(k, to), so (6.10) follows. In addition, 
r'(k, TO)(a;') can be easily shown as a self-avoiding cutset, since r(k, TO)(a;') is self-avoiding. 

If we change uj' back to u;, Cj changes from zero back to original values. r'(k, to), as a 
vertex set, exists. But r'(k, to) will no longer be a zero-cutset. We denote by r'(k, TO)(a;) 
as the set corresponding to configuration u. Note that the other edges except for Cj are all 
zero-edges in both r'(k, TO)(a;) and W(k, TO)(a;), so 

T(r'(k,0)(a;)) = T(W(k,TO)(u;)) = T^UKm){u;). (6.11) 

Therefore, for each uj, 

|r'(k,0)(a;')|e = |r'(k,0)(a;)|e > N{k,m){uj). (6.12) 

For each uj, we focus on uj'. As we mentioned above, r'(k, 0)(cj') is a self-avoiding zero- 
cutset contained inside T'^{k,0){uj'). Note that L, defined as the line below (5.2), must 
intersect r'(k, 0)(a'') inside B(k, to)(cj'), otherwise r'(k, 0)(a;') will not be a cutset. We 
denote by z the intersection vertex. If it is not unique, we select the one with the largest 
xi-coordinate. Thus, there are at most to choices in r^(k, 0)(tc;') for the cube that contains 
z, since r((k, 0)(a;') must stay inside B(k, to). As we discussed in the proof of Theorem 1, 
if the number of cubes of T'^(k., 0){uj') is s, then 

3 at least disjoint 3t-cubes with their center cubes belong to r^(k, 0)(a;'). (6.13) 
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For each center i-cube in these 3t-cubes, by Lemma 6, it has either the blocked or disjoint 
property. Let M3t(k, m)(a;') be all 3t-cubes and M3t(k, m)(a;') be the number of these 3t- 
cubcs in M3t(k, m){u;'). Note that each i-cube has 2t'^ edges, so by (6.12), if 7V(k, m){u;) — j, 
by (6.12) 

# cubes in r,(k,O)(a;0 |r(k, O)(a;0|e 7V(k,m)(a;) _ j 
M3,(k,m)(a;)> — > ^^a+^t, > ^{Aty -2(4^- ^^"^^^ 

Furthermore, if 

J{i^) < j/(2(4t)°') and iV(k, m){uj) = j and the number of cubes in r^(k, 0)(a;') is s, 
by (6.14), for each a;', there are at least 

M3t(k,m) - j74(4t)'^ = M3t(k,m)/2 + M3t(k, m)/2 - j7(4(4t)^) > M3t(k,m)/2 > s/2^''+' 

center cubes in rj(k, 0)(cj') with cither the blocked or disjoint property and they do not 
contain ei, • ■ ■ ,ej in their interiors. Recall that they are called the permanent blocked or 
disjoint cubes. Now we change these edges in {ei, ■ ■ ■ ,ej} from zero back to the original 
values. We still have s/2^'^+^ permanent blocked or disjoint t-cubes. Also, by (6.12), 

# cubes in rt(k,0)(a;') = s > |r(k, 0)(a;')le/(2i)'^ > N{k,m){u})/{2t)'^ = j/C^tY- (6-15) 

Finally, by Lemma 12, 

r;(k,0)(o^') is Z'^-connected. (6.16) 

In summary, for each u, if A^(k, m)(cc;) = j and J{uj) < j/{2{4tY), then there are 
s > j/{2tY and ||z|| < m < exp(||k||^) such that S{s,j,z) occurs, where S{s,j,z) is the 
event defined in section 5 after (5.25). Therefore, by the same estimate as (5.26), there are 
Q = Ci{F, d, e, t) for i = 1, 2 and Q = Ci(F(0), d) for i = 3, 4 such that 

Pk,m [iV(k,m) > n 

<T. exp(||k||,)72'^^4^[C3exp(-C4i)]^/''^'+Ciexp(-C2n) 

-(2t)d 

<^ ^ exp(n//3)72'^^4^[C3exp(-C4t)]^/''^'+Ciexp(-C2n). 

j>ns>^--. 

If we take t large and P large, there exist Cj = Ci{F, d, t, e, /3) for i = 1, 2 such that for all 
n>l3\\\4,, 

Pk,„,[A^(k, m)>n\< Ci exp(-C2n). (6.17) 
Therefore, Theorem 2 follows. 
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7 Patching cutsets. 



Given a cutset W(k, m) as we defined in section 1, we shall now discuss a few basic properties 
of this cutset. Let k' = {k[ - ■ ■ , k'^_i) and k = (fci, • • • , ka-i) be two vectors. We say 

k' < k if < A;,' < for alH = 1, • • • , d - 1. 

We also denote by Fg and the bottom and the top faces of the box B(k', m). With these 
definitions we have the following lemma. 

Lemma 13. //k' < k, then 

(a) W(k, m) n B(k', m) is a cutset that cuts Fq from F^ in B(k', m), 

(b) T(W(k',m)) < T(W(k,m)), 

(c) T(W(k, m)) < T(W(k', m)) + ^ r(e). 

eeB(k,m)\B(k',m) 

Proof. To prove (a), we only need to show that any path in B(k',m) from Fq to F^ 
must use at least an edge of W(k, m) fl B(k', m). Note that such a path is also a path from 
Fq to Fm in B(k, m) and note also that W(k, m) is a cutset, so any such path must use 
at least one edge of W(k, m). On the other hand, any such path must stay in B(k',m), so 
it must use at least one edge of W(k, m) fl B(k',m). Therefore, (a) follows. With (a), (b) 
follows from the definitions of W(k', m)) and W(k, m) directly. 

Now we show (c). By the same argument as (a), we can show W(k',m) U [B(k, m) \ 
B(k',m)] is a cutset for B(k, m), so (c) follows. □ 

Now we want to patch two smaller cutsets into a larger cutset. To do it, we need to study 
the traces of the cutset in the boundary of the box B(k, m). We denote the hyperplane by 

Ln = {{xi, ■ ■ ■ ,Xd) : xi = n}. 

For a cutset W(k, m), we define its trace in the hyperplane Lki by 

I(k,m) = W(k,m) fl L^.^. 

Let edges in I(k, m) be Ie(k, m). If we remove all the edges of Ie(k, m) from L^^, but leave 
the vertices of these edges, the new graph, after removing these edges, consists of several 
clusters on L^j. Note that there might be a few clusters with only one isolated vertex. We 
now analyze these clusters on the hyperplane. 
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Figure 4: This graph shows the exits of upper tunnels and lower tunnels on hyperplane L^i . 
The middle plane is the cutset W(k, m). There are four exits of tunnels. S below and T 
above the cutset are two trivial exits. The circled S' and T' , above and below the cutset, 
respectively, are the other two exits. One can use the exits of the circled tunnels S' or T' 
from Fm or Fq to T' or S' to cross the middle surface without using its edges. 

We denote by Tfcj^i(k, m), • • • , Tjtj^t(k, m) C L^j \Ie(k, m) (see Fig. 4) the first kind 
of clusters such that each of their vertices is connected to by a path lying in B(k, m) 
without using any edge of W(k, m) (see Fig. 4). Note that t > 1 since 

Lfc, n F™ ^ 0. 

Here we may view T as both a vertex and an edge set. 

We also denote by Sfcjj(k, m), ■ ■ ■ Sfc-^,s(k, m) C L^^ \ Ie(k, m) (sec Fig. 4) as the second 
kind of clusters such that each of their vertices is connected to Fq by a path lying in B(k, m) 
without using any edge of W(k, m). Similarly, we have s > 1. We write these T and S for 
the exits of upper tunnels and exits of lower tunnels, respectively. If we do not work on a 
specific box, we may just write Tki,j and S^^^j rather than Tfe^j(k, m) and Sjtj,i(k, m) as the 
exits of the upper and the lower tunnels. With these definitions, we have the following lemma. 

Lemma 14. For all configurations, 

Sfc^,i(k, m) n Tfe^ j(k, m) = for alH = 1, • • • , s and j — 1, - ■ • ,t. 

Proof. If there exists a common vertex belonging to S^j^i fl Tkij for some i and j, then 
there exist paths from Fq to F^ in B(k, m) without using an edge of the cutset W(k, m). 
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^^(k,m) 



■'2ki+l 



Figure 5: This cross graph shows that if all the upper and lower tunnels o/B(k, m) and of 

B'(k, m), respectively, in L^^ are the same, and if there is a path from Fq U Fq to Fm U F^ 
without using W(k, m) U W'(k, m), then the path, from Vn to v[, must go around the tunnels. 
Hence, the result is that the exits of the lower and upper tunnels for W(k, m) have a common 
vertex, which is a contradiction. 

This contradicts the definition of W(k, m). □ 

Also by our definitions of S and T, we have the following lemma. 

Lemma 15. (a) The boundary edges of T^^j and Sk^^i, on n B(k, m), belong to 
W(k,m). 

(b) For any vertex v e L^^ fl B(k, m), if there exists a path from v to S^^^i (to Tkij) in 
B(k, m) without using any edge o/W(k, m), then v e S^j^j (v e Tk^j)- 

(c) W(k, m), Tfcjj and S^^^j only depend on the configurations of edges in B(k, m). 

With these observations, we are ready to patch two cutsets on two adjacent boxes. Before 
we state our result, wc would like introduce more definitions (sec Fig. 5). Let W(k, m) and 
W'(k, m) be two cutsets from Fq to F^ and from Fq to F^ of B(k, m) and B'(k, m), 
respectively, where 

B'(k, m) = [ki + 1, 2A;i + 1] x [0, A^a] x • • • x [0, ka-i] x [0, m] 

and Fq and F^ are the bottom and top faces of B'(k, m). Here we select W'(k, m) to be 
a self-avoiding cutset with the minimal passage time in B'(k, m). If there is more than one 
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such cutset, we simply select one with the unique method, but it may not necessarily follow 
the same rule as the selection for W(k, m). 

Similarly, we define the hyperplane of B'(k, m) next to L^.^ by 

Lfc^+i = {{xi, ■ ■ ■ ,Xd} : Xi = ki + 1}. 

Let Ie(k, m) be the edge set with vertices in 

W'(k,m)nLfe,+i. 

We denote 

B(k, m) U B'(k, m) = [0, 2ki + 1] x [0, /ca] x • • • x [0, kd-i] x [0, m] 

and use Fq U Fq and F^ U F^ to denote its bottom and top faces. 

Similarly, let T'^.^.^.^^ and S'^^_,_i ^ be the exits of the upper or lower tunnels of W'(k, m) 
on the hyperplanes Lki+i- We say T is shifted I units invariance as T' if 

T' = + /, M2, ■ ■ ■ , Ud) : ■■■,Ud)e T}. 

We write T = T' for the above T and T'. 

Lemma 16. Let {Tfc^,i, Tki,2, ■ ■■ , T^ki,t} and {Sk^^i, 8^1,2, • • • , Sfci,s} be the exits of the up- 
per and the lower tunnels in L^j^ /or W(k, m). Let {T'^^ ^, T'^,^ 2) ' ' ' ) '^'ki t} and {S^^ S'^^ 2) ' ' ' ) 

he the exits of the upper and the lower tunnels in l^ki+i 

Sfci,i = S^^ j for all i and j, then W(k, m) U W(k'm) is a cutset that cuts from Fq U Fq to 
Fm U F'^ in the box B(k, m) U B'(k, m). 

Proof. Under the hypotheses of Lemma 16, we suppose that there is a path 7 in B(k, m)U 
B'(k, m) from Fq U F(j to F^ U F'^ without using any edge of W(k, m) U W(k'm). Since 
W(k, m) and W(k'm) are cutsets of B(k, m) and B'(k, m), 7 cannot lie in B(k, m) or in 
B'(k, m), respectively. The path 7 should be a snake-shaped between two boxes B(k, m) 
and B'(k, m) (see Fig. 5). We then go along 7 from Fq H Fq to F^ U F^^. Without loss of 
generality, we assume that 7 starts at Fq and ends at F^. With this definition, 7 must go 
out of the hyperplane L^-^. Let Vi be the first vertex that 7 exits from L^^. After that, 7 
must go through L^^+i at v[. Let e^-^y^ be the edge with vertices vi and v[ (see Fig. 5). Note 
that Cyj^y^ is neither in B(k, m) nor in B(k', m), but just between these two boxes. We then 
continue following 7 from v[. If it can reach F'^ inside B(k',m) directly, then we stop our 
trip. If it cannot, let V2 be the vertex in Lki+i that 7 first goes out of B'(k, m). Similarly, we 
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will have the vertex V2 G 7 fl L^^ such that 7 first goes back at V2 from B'(k, m). Let e^^^^j 
be the edge with the vertices V2 and V2 between these two boxes. We continue this process 
until 7 reaches F^. Let vo G Fq and v'l e F^ be the starting vertex and the ending vertex 
of 7. Our 7 contains the following vertices and edges between B(k, m) and B'(k, m): 

Vo,Vi,ey^y^,v[,V2,e^;^^y2,V2,V3,e^^y^,v'^, ■ ■ ■,v'i. 

Note that 7 never uses an edge of W(k, m), so Vi G U^Sfc^^j. By the assumption of Lemma 
16, v[ G UjS'i._^_^n. By Lemma 15 (b), V2 G UjS^^_,_]^j so ^2 G UjSfci,j. If we iterate this 
way, we finally have t>( G UiS^^_,_]^ j. However, note that 7 never uses an edge of W(k, m), so 
G UjT'^^_,_]^j. Therefore, this result shows that U^S^^ ^ and UjT'^^ j have a common vertex, 
but it contradicts Lemma 14, so Lemma 16 follows. □ 



8 Estimates for the boundary size of a cutset. 

A cutset Wj.(k, m) in B(k, m) cutting Fq from F^ is said to be regular if 

|W,(k,m)| <^||k||„ (8.0) 

where P — 2dp for the /3 defined in Theorem 2. We select a regular cutset, still denoted by 
W,.(k, m), with the minimum passage time. We may also denote r(Wr(k, m)) = Tr(k.,m). 
If W,.(k, m) is not unique, we select it with the minimum number of edges using the unique 
method of selection. In particular, if W(k, m), defined in section 1, satisfies (8.0), we only 
select 

W^(k,m) = W(k,m). 

Clearly, 

Tmin(k,m) < Tr{k,m). 

If |W(k,m)| > p\\k\l, then 

|W(k,m)|e>/3||k||,. 
By this observation and Theorem 2, there exist Cj = Cj(/3, F) such that 

P[W(k, m) ^ Wr{k, m)] < P[iV(k, m) > P\\k\\v] < Ci exp(-C2||k||^). (8.1) 

Now we only focus on regular cutsets. Under (8.0), note that there are ki disjoint hyperplanes 
in B(k, m) perpendicular to the first coordinate, so the number of vertices of Wr(k, m) on a 
few of these hyperplanes should be much less that /?||k||^. Recall that Lj is defined in section 
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7 as the hyperplane of {xi — i}. Now we try to find two such hyperplanes. We account for 
the size of {Wr(k, m) fl L^^} U {Wr(k, m) fl Lq} to see whether 

|{W,(k, m) n LfeJ U {W,(k, m) n Lo}| < ^fc^fca • • • ka-i, (8.2) 

where S is defined in (1.11). If the cutset satisfies (8.2), we select Lq and Lki- K it does not, 
we account for the size of Wr(k, m) fl Li and Wr(k, m) fl Lfe^_i to see whether 

|{W,(k, m) n Lfc,_i} U {W,(k, m) n LJI < ^A;pA;2 • • • k^-i. (8.3) 

If the cutset satisfies (8.3), we select Li and Ijki-i- If it does not, we continue this process 
until we find the first hyperplanes h^- and liki-r such that 

|{W,(k,m)nLfc,_,}U{W,(k,m)nLj| <^A;pA;2---A;d_i. (8.4) 

Note that the total number of vertices in a regular cutset is less than (5kik2 ■ ■ ■ kd-i, so we 
need to do this process at most ki times to find the hyperplanes. In other words, 

r < kl-^^\ (8.5) 

By (8.5), there exists 0<l< k^-^'"^ such that 

P[S(k,m,/)]>-l^, (8.6) 

where i3(k, m, /) is the event that / is the first hyperplane with the property (8.4). 
For the fixed / < fc^"*^/^ defined in (8.6), we collect all cutsets {Wr(k, m, /)} in 

B(k, m, I) = ki-l]x [0, A;2] x • • • [0, ka-i] x [0, m] 

cutting the bottom from the top of B(k, m, /) such that 

|W,(k,m,OI </9||k||,,|{W,(k,m,0nL,}u{W,(k,m,0nLfc,_,}| <;gA;pA;2---A;d-i^ (8.7) 

We select one from these cutsets, still denoted by Wr(k, m, Z), with the minimum passage 
time: 

r,.(k, /, m) = r(W,,(k, /, m)) 

If Wr(k, m, I) is not unique, we select Wr(k, m, /) with the minimum number of edges in a 
unique method of selection. By our definition, 

Tr(k, m, I) only depends on the configurations of the edges in B(k, m, I). (8.8) 
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Lemma 17. (9nB(k, m, Z), 



Tr(k, m, I) < Tr(k, m). 

Proof. By Lemma 13 (a), 

W^(k,m) nB(k,m,Z) (8.9) 

is a cutset that cuts the bottom from the top of B(k, m, On the other hand, on ;B(k, m, 
the cutset in (8.9) satisfies (8.7). Therefore, Lemma 17 follows. □ 

We use {T(;j)}, {T(^ki-i,j)}, and {S(fci_i,j)} to denote all the exits of the upper and 

the lower tunnels on the hyperplanes L; and Liki-i ior the cutset Wr(k, m, Z), respectively. 
For given positive integers ti,t2, si, S2, we now define the events 

{Iti,t2} = {3 ^1 exits of the upper tunnels T(i_i), ■ ■ ■ , T(^iti) on Li 

and 3 t2 exits of the upper tunnels T(fc^_;,i), ■ ■ ■ , T(^ki-i,t2) on L^^-i } 
{^31,82} = {3 -Si exits of the lower tunnels S(;_i), ■ ■ ■ , S(/^sj) on L; 

and 3 S2 exits of the lower tunnels S(fej_;^i), • • • , S(^ki-i,s2) on ^'ki-i }■ 

On {Iti,t2}^{>^si,s2}j note that Wr(k, m, I) is uniquely selected, so the exits of the lower and 
upper tunnels are also uniquely determined. Thus, we decompose the exits of the tunnels to 
fixed sets: 

1 = P [3 cutset W^(k,m,0] 

= EE E E P[3Wr{k,m,l),It,,t2,Jsus2,r\{Tii,j) = r^i,^}, 

tl,t2 «1>«2 r((_tj) ^(ki-l,l), — ,^(ki-l,t2) J=l 

SI t2 S2 

r\{^(i,i) = n{T(fei-;,i) = ^{ki-i,j)}, r\{^iki-i,i) = (^{ki-iM (s.io) 

i=l j=l i=l 

where the first two sums above take over all possible ti, t2 si, and S2, and the last two sums 
take all possible groups of fixed clusters such that each group of clusters 

r(i,i), r(;^2), • • • , r(/,ti),%i),/3(/,2), • • • ,/?(i,si) c l^ n B(k, m, i) 

and 

r(fei-i,i), ^{ki-i,2), T(^ki~i,t2)^ (^{ki-i,i), Pki-1,2, P{ki-i,s2) C l^ki-i n B(k, m, I). (8.11) 
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For simplicity, we denote each group of clusters by, 



^{1,1) — {^1,1,, • ■ ■ ! ^i,ti}, '^(iji) — {rfci-/,i,, • • • , ^1,12}, 

P{l,I) — • • • ) Pl,si}, = {Pki-1,1,, ■ ■ ■ , Pkl-l,S2}- 

We also denote the event in the probabihty of the right side of (8.10) for the group of clusters 
in (8.11) by 

^^1(^1,^2, si, S2, ^{1,1), Ti^hi-iji), P{ki-i,n))- 
Note that for some groups of clusters, we have 



Vi{ti, t2, si, S2, '['{1,1), r(fei-/,//), P{i,i),P{ki-i,ii)) 



0. 



In these cases, the groups of clusters are trivial and we will not account for these terms in 
the four sums in (8.10). Note also that the four sums only take finitely many terms, so there 
is a term with the largest probabihty among the others. We denote this largest term with 
the indexes ^1,^2,51, ^2 and denote the group of clusters by 

[(1,1) = {rz,i,, ■ ■ ■ , [i,ti}, [(1,11) = {rfci-;,i,, • • • , [1,12}, 

P{l,I) = ■ ■ ■ , A,si}, P{l,n) = {Pki-1,1,, ■ ■ ■ , Pki-l,S2}- 

We also define 

tl,t2,Sl,S2,ll,l,—ll,ti,Pl,l—Pl,si, 
^ki-l,l----^ki-l,t2'^ki-l,l'---^ki-l,S2 

t2 S2 

j=l i=l 

Vi{ti, t2,Sl,S2, [(1,1), r^ki-l,!!), P{l,I),P{ki-l,n)) 

It is possible that there is another group of clusters with the same largest probability. If 
this occurs, we select one group in a unique method. We will account for the number of 
non-trivial groups of the clusters in the four sums in (8.10). In other words, we need to 
account for all possible groups of clusters on Lki-i U B(k, m, I) and Lki-i U B(k, m, I) such 
that they are the exits of upper or lower tunnels for Wr(k, m, Z). Let Nj.(k.,m,l) be the 
number of all the possible non-trivial groups of clusters above. We will then give an upper 
bound estimate. For fixed I < k}'^/"^, let 

I(k, m, = {W,(k, m, n U {W,(k, m, /) n \.k,-i}- 
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By the definition, 

\I(k,m,l)\<pkt/^k2---ka-i. 

If we use Ie(k, m, I) to denote the edge set in I(k, m, I), then 

the number of edges in Ie(k, m, /) < 2d/3ki^^k2 ■ ■ ■ kd-i- (8-12) 
Note that the total number of vertices of B(k, m) on the two faces 

|B(k,m) n L; U B(k,m) n Lk^-i\ < 2ki ■ ■ ■ kd-im. 
Therefore, the total number of choices of all possible I(k, m, I) is less than 

e'" C'^'^ ■ ■ ■ < MX ■ 'T) ■ ("3) 



r=l 



pk{ k2---kd-i, 



Note that for a cluster on L; and on Lfej-/, if its boundary edges are fixed, then the precise 
location of the cluster is uniquely fixed. By Lemma 15 (a), the boundary edges of the exits 
of the upper and the lower tunnels belong to Ie(k, m, I). Note that if we remove Ie(k, m, I) 
from both L/ and liki-h we can view the remaining edges as many clusters. These clusters 
are the exits of the upper and the lower tunnels. With these clusters, we need to identify 
the upper or the lower exists from them. Given a fixed Ie(k, m, I), suppose that there are q 
clusters, as the exits of the upper and the lower tunnels on both hi and hki-i, after removing 
the edges of Ie(k, m, I) from L; and hk-^-i- Note that if we remove one edge, it can separate 
one cluster into at most two clusters. Therefore, by (8.12) after removing Ie(k, m, Z), the 
total number of the clusters of these exits of the upper and the lower tunnels is 

g < 2|Ie(k,m,/)| <Ad^k\'^k2---kd-i. (8.14) 

Among these q fixed clusters, we select some of them as the exits of the upper and lower 
tunnels on L; and on L^^-^. By (8.12) and (8.14), the number of selections is at most 

E E f^l f^l ^ < 28''^'=i^'^2-*''-i. (8.15) 

With these observations, we first select I(k, m,Z), defined above, on and Ljfcj_/. With 
the first selection, Ie(k, m, /) is determined. After removing Ie(k, m,/), the remaining clus- 
ters, the exits of the upper and the lower tunnels, are determined. We then select the 
exits for the upper and for the lower tunnels from these clusters. With these selections and 
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(8.12)-(8.15), the total number, AV(k, m, Z), of all the possible exits of the upper and the 
lower tunnels is at most 



]v.(k, m, < (f'X ■ ■ 2"*: 



S/'2 



By using Corollary 2.6.2 in Engle (1997), 

A^r(k, m, I) < Ci exp C2kl^^ ■ ■ ■ kd-i log(A;i • • • kd-im) 



(8.16) 



(8.17) 



for Ci = Ci{F,d, (3,6), i = 1,2. Furthermore, if we assume that ki < k2 < ■ ■ ■ kd-i with 
kd-i < 2exp(10A;j^ ^'^^^) and logm < k]zi (the assumptions for m in (1.17)), there exist 
Ci = Ci{F, d, 6) such that 



Nr{\s.,m,l) < Ciexp C2ki^k2- ■ ■kd-i\og{kd-im) <C3exp C4k[ °'''k2- ■ ■ kd-i ■ (8.18) 

Therefore, the number of all terms in these four sums in (8.10) is at most NrCk, m, /). With 
these observations, by (8.18), 



1-6/3, 



1 = P [3 the cutset W(k,m,/)] 

= EE E E 



tl,t2Sl,S2 r(;_i),---r(;_4^) r( j.^ ^ i) , ■ ■ ^(s.^ ^j^) 



Vi{ti, t2, Si, S2, '['{1,1), [{ki-l,II), P{ki-l,II)) 



< P 

< P 



T>i(ti,t2, Si, S2, [{1,1), [{ki-i,n),P{i,i), P{ki-i,ii)) Nr{\s., m, I) 



Ci exp (C2kl ^'^k2 ■ ■ ■ kd-i) 



T^l{tl,t2, Si, S2, [{1,1), T{ki-l,II),P{l,I), P{ki-l,II) 

If we simply denote by 

Vl{ti,t2, Si, S2, [{1,1), [{ki-l,II), P{l,I), P{ki-l,II)) = T^i, 

we summarize the above result as the following lemma. 

Lemma 18. If ki < k2 < ■ ■ ■ < kd-i with kd-i < 2 cxp(10A;}~^^^^), and logm < k]zi, 
then there are constants Ci = Ci{F, d, (3, 5) for i = 1,2 such that 



Ci exp {-C2kl-'/^k2 ■ ■ ■ kd-i) < P[Di]. 



If we work on kj^s direction rather than kiS, similar to Vi, let Vj be the event corre- 
sponding to the j-th coordinate. By the same estimate, we have the following the result in 
Lemma 18 for holds. 
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Lemma 19. If ki < k2 < ■ ■ ■ < k^-i with k^-i < 2exp(10A;i and \ogm < k]^_l, 

then there are constants Ci — Ci{F, d, (3, S) for i — 1,2 such that 

Ci exp (-Csfci • • • A;]-'/' • • • ka-i) < P[Vj]. 

In particular, if ki < k2 < ■ ■ ■ < kd-i and logm < k^zl, then there are constants Ci — 
Ci{F, d, P, 5) for i — 1,2 such that 

C, exp [-C2k^ ■ ■ ■ kd-2 ■ ■ ■ A)i:J/') < P[Pd-i]. 

9 Concentration of r^(k, m) from its mean. 

In general, there are two major methods to estimate the concentration inequahties. Kesten 
(1993) has investigated the concentration for the first passage percolation by using a martin- 
gale argument. Later, Talagrand (1995) obtained a better result by using the isoperimetric 
inequality. Both ways can be carried out to investigate the concentration for the passage 
time of a minimal cutset from its mean. We use the Talagrand method in this paper. De- 
note by S the sets of all regular cutsets {Zr(k, m)}, defined in section 8, with the minimum 
passage time. Let 

a = sup |Z^(k, m)\. 

Zr{k,m)eS 

It follows from this definition 

a < P\My. (9.0) 

Denote by M a median of Tr(k, m). By Theorem (8.3.1) (see Talagrand (1995)) there exist 
constants C and Ci such that 

P[|T^(k,m) -M| >u]< Cexp ( -Ci min | — , m| ) . (9.1) 



By (9.0) and (9.1), for all u>0. 



a 



P[|T^(k,m) -M| >u]< Cexp min |-^|^, -ujj . (9.2) 
If we select u satisfying 

m\vf^ < % (9.3) 

then 

P[\Tr{k,m) - M\ >u]< Ciexp (-CsHkHy^) . (9.4) 
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By (9.4), 

|Er,(k,m) -M| < E|T^(k,m) -M| = ^ P(|r^(k, m) - M| > i) < C{\\k\\^y/\ (9.5) 

1=1 

Therefore, for all large ki,---, kd-i, and for u with 

max{2C(||k||^)2/3, ^(||k||^)2/3} < u for the C in (9.5), (9.6) 
then by (9.2) and (9.5), 

P[\rr{k,m) - Err{k,m)\ > u] 
< P[|T,(k,m) -M\ + \M- ET,(k,m)| > u] < Cexp (-Cip^) ■ (9-7) 

If we focus on rr(k, m, /), the passage time of cutsets Wr(k, m, /), then by the same 
estimates in (9.1)-(9.7), for all large ki, - ■ ■ , kd-i, and for the u satisfying (9.6), we have 



P[|r^(k,m,/) -Sr^(k,m,/)| > u] < Cexp (^-Ci^^j . (9.8) 

Now we will try to use the concentration property to estimate the means of Tr(k, m) and 
Tr(k, m, I) on some event £ that may depend on k and m. 

Lemma 20. Under (1-1), there exist Cj = Ci{F,d, (3,S) fori — 1,2 such that for each 
kj, j — 1,2, •■■ ,d — 1 and < 5 < 1, 

|E[r^(k,m)] - E[r^(k,m) \ S ]\ 

< C^k^ ■ ■ ■ kf-'/'^ ■ ■ ■ kd-i + C, {P{S)}-' exp [-C^k, ■ ■ ■ kf-'/'^ ■ ■ ■ kd-i) 

and 

|E[r^(k,m,/)] - E[r^(k,m,/) | ^ ]| 

< C\k, ■ ■ ■ kf-'/^^ ■ ■ ■ ka-i + Ci {P(^)}-' exp (-C^k^ ■ ■ ■ kf-"^'^ ■ ■ ■ ka-i) . 

Proof. Without loss of generality, we show Lemma 20 for j = 1. We begin with an 
estimate of 

E[|Er^(k,m) - r^(k,m)| | £ ]. 

Denote the event >C(k, m) by 

£(k,m) = {\Err{k,m)-rr{k,m)\ > ^k^^'^'^hi- ■ -kd-i) . 
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We divide 

E[|Er^(k,m) -r^(k,m)| | £ ] 
= E[|Er^(k,m) -r^(k,m)|/(£(k,m)) | £] 
+E[|Er^(k,m) -rr(k,m)|(l-/(>C(k,m)) | E ] 
-/ + //, 

where I {A) is the indicator for the event A. By the definition of >C(k, m), 

II <M~^''''^k2---kd-i. (9.9) 
We estimate /. By (9.7), there exist C and Ci such that 



< E P[|r^(k,m) -E(r^(k,m)| > i I £ 

P[|r^(k,m) -E(r^(k,m)| > 



i>0^^>k,-k,^, ^^^^ 
< C{P[S]}-' exp (-Ckf^'h^ ■ ■ ■ kd-i) . (9.10) 

Combining (9.9) and (9.10), we have 

E[|Er^(k,m) -r^(k,m)| | S ] 

< Ckt'^'h2 ■ --kd-i + C{P[£]y'exp ^-Cik^^-'/^h2 ■ --kd-i) . (9.11) 
Using the same estimate of (9.11) together with (9.8), 

E[|Err(k,m,/) - r,.(k,m,/)| | S ] 

< Ckf^'h^ ■ ■ ■ ka-i + C{V[8]}-^ exp (-Ckf'h^ ■ ■ ■ k^-i) . (9.12) 
With (9.11) and (9.12), let us show Lemma 20. We then have 

Er^(k,m) = E[r^(k,m) | ^ ] + E [Er^(k, m) - r^(k, m)] \ £]. (9.13) 
By (9.13), we have 

|E[r^(k,m)] -E[T^(k,m) | £: ] | < E [|Er^(k, m) - T^(k, m)| \S]. (9.14) 
Therefore, by (9.11) and (9.14), there exists Cj = Cj(F, d, /3, 5) for i = 1, 2 such that 
|E [Tr(k, m)] - E[rr(k, m) | £\\ 

< Cik[^-'^^h2 ■ ■ ■ ka-i + Ci{P[£]}-^ exp {-C2kl''^^k2 ■ ■ ■ k^-i) . (9.15) 
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The same estimate in (9.15) also shows that 

\E[rr{k,m,l)]-E[Tr{k,m,l) \ S]\ 

< Cikt'^'h2 ■ ■ ■ kd-i + Ci{P[£]}-' exp [-C2kt'^'h2 ■ ■ ■ kd-i) . (9.16) 
Lemma 20, for j — 1, follows from (9.15) and (9.16). □ 



10 Proof of Theorem 3. 

As we pointed out in section 1, we only need to show Theorem 3 when F[0) < 1 —pc- Thus, 
we assume that F{0) < 1 — Pc in this section. Note that 

< ETi„in(k, m) < Ea(k, m) < C||k||^E(T(e)), (10.0) 

so we assume that there exist < i^i < < oo such that 

. r /^ETmin(k,m)\ 
i/i = limmi TTT-j. ] < 1^2 = hmsup 

We first show that i/i — 1/2. The key proof of this argument is to show a multiple subadditive 
property for £'Tinin(k, m). 
Now we assume that 

ki<k2<---< kd-i with kd-i < ^ki. (10.2) 
Besides B(k, m, I) defined in section 8, we also denote by (see Fig. 5) 

B'(k, m, l) = [ki-l + 1, 2ki - 3/ + 1] x [0, fcs] x • • • x [0, kd-i] x [0, m], 

B"(k, m, I) = [2ki - 3Z + 2, Zki - 5Z + 2] x [0, A;2] x • • • x [0, A;<i-i] x [0, m]. 

We denote by a;(B(k, m, I)), a;(B'(k, m, I)), anda;(B"(k, m, I)) the configurations on B(k, m, I), 
B'(k, m, I), and B"(k, m, I), respectively. For each a;(B'(k, m, I)) and a;(B"(k, m, I)), we can 
select the unique cutsets W^(k, m, /) and W''(k, m, /) in B'(k, m, I) and B"(k, m, I), respec- 
tively, using the same rule for selecting Wr(k, m, /) on B(k, m, /). 

Recall that Pi, defined in section 8, is the event with the largest probability for the fixed 
exits of the upper and the lower tunnels for Wr(k, m, /). Similarly, let and V'l be the 
events with the largest probabilities for the fixed exits of the upper and the lower tunnels 
for W^(k, m, /) and W^'(k, m, /), respectively, the same as for Wr(k, m,/) in the sense of 
translation. 



Ernun(k,m) \ 
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For each set A C B'(k, m, I), we define a mirror reflection about Lfe^_/+o.5 as follows. For 
u = {ui,---,Ud) e A, let 

ai{u) = {2ki -21 + 1 - ui,U2, ■ ■ ■ ,Ud). 

After the mirror reflection, o"i(A) C B(k, m, Z). We move o'i(A) along the first coordinate 
ki — 21 + 1 units back to B'(k, m, I). More precisely, for each u e (7i(A), let 

cr2(u) = {ui + ki-2l + l,U2,---, Ud)- 

We denote by 

7r(A) = (72((7i(A)). 

With these changes, we have another vertex set, denoted by 7r(A) in B'(k, m, /). For each 
edge e = (u, v) with a conflguration uj{e), let 7r(c<j(e)) be the same value uj{e) on the edge 
(7r(u), 7r(v)). Thus, for cj(B'(k, m, /)), 7r(a;(B'(k, m, /))) will be the conflguration by chang- 
ing each conflguration uj{e) at e, to 7r(c<j(e)). With conflgurations {7r(u;(B'(k, m, /)))}, we 
consider 7r(W^(k, m, I)) (see Fig. 6). By our deflnition, 7r(W^(k, m, I)) is stiU a self-avoiding 
regular cutset that cuts the bottom face from the top face of B'(k, m, Also, it has the 
minimum passage time among all the other regular cutsets. Since the selection of W(.(k, m, I) 
is unique, the selection of 7r(W^(k, m)) is also unique. In addition, let (see Fig. 6) 

7r{V[) = {7r(cu(B'(k, m, /))) : a;(B'(k, m, /)) e V[}. 

By symmetry, we have 

E[r(7r(W;(k, m, /)))] = E[r,(k, m, /)] = E[r(W;'(k, m, /))] 

P[7t{V[)] = P[V^] = P[V'{]. (10.3) 

By the definition of the mirror refiection ai and the horizontal move (72, on T>i n 'k{T>[), the 
upper and the lower tunnels for Wr(k, m, I) and 7r(W,.(k, m, I)) on Lki-i and on Lfc^-i+i are 
matched, so by Lemma 16, these two cutsets consist of a larger cutset (see Fig. 6): 

Wr(k, m, /) U 7r(W^(k, m, /)) is a cutset that cuts the bottom from the top of 

[/, 2A;i - 3^ + 1] X [0, A;2] X ■ ■ ■ X [0, kd-i] x [0, m] . (10.4) 

Note also that the new cutset consists of Wr(k, m, /) and 7r(W^(k, m, Z)). Therefore, it is 
still regular. With this observation, 

E [Tr {{2ki - 2/ + 1, A;2, • • • , kd-i),m, I) \ V^n n{V%] 

< E[r(W,(k,m,0) +r(7r(W;(k,m,0)) | Vin7r{V[)]. (10.5) 
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W^(k, m,l) 



TT 



B(k,m,/) 



7r(W;(k,m,0) 



7r(T') 



■'2ki-3l+l 



B'(k,m,/) 





w;'(k,m,o 














1 










L2fci 


-3i+2 




L3fei-5i+2 



B"(k,m,/) 



Figure 6: This cross-section graph shows that the three cutsets Wr(k, m, /), 7r(W^(k, m, /)), 
and W"(k, m, /) consist of a three-times cutset when their corresponding exits are matched. 

Note that W,. and Vi, and 7r(W(.) and 7t{V[), only depend on the configurations of edges 
in different boxes, so 

(W^, Vi), (7r(W;), 7r(Pi)) are independent. (10.6) 

By (10.5)-(10,6) and symmetry, 

B[Tr{(2ki-2l + l,k2,---,kd-i),m,l) I PinTTpi)] < 2E[T,(k,m,0 | Pi]. (10.7) 

Wc need to use Lemma 20 to change conditional expectations in (10.7) to unconditional 
expectations. By (10.2)-(10.3) and Lemma 18, we have 

Ci expi-C^kl-'/'h ■ ■ ■ kd-i] < P[V^\ = P[7r{V[)]. (10.8) 

By (10.8) and Lemma 20, there exist Q = Ci{F, d, (3, S) for i = 1, 2, 3 such that for all ki, 

E[T^(k, m, I) I Vi] < Err(k, m, I) + Ck^^-^'^h2 ■ ■ ■ ka-i + Ci exp (-C2A;i"'^/^A;2 • • • ka-i) . 

Now we find C = C{F, d, (3, S) such that 

E[T^(k, m, I) I Vi] < ET^(k, m, I) + Ck[^~^^^h2 ■ ■ ■ ka^i. (10.9) 
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As we mentioned in Lemma 17, 

E[Tr{k,m,l) I B{k,m,l)]<E[Tr{k,m) \ B{k,m,l)]. (10.10) 

By using Lemma 20 twice, (10.2), and (8.6), there exist constants Cj = Ci{F,d, (3,5) for 
i = 1, 2, 3 such that for all large /ci, • • • , kd-i, 

E[rr(k, m, /)] 

< E[r^(k,m,/) | i3(k,m,/)] 

+C,kt"'^k, . . . k,_, + C^kt"'^ exp (-C,kt"'^k, ■ ■ ■ k,.,) 

< E[Tr{k,m) I B{k,m,l)] 

+C^kt'^'h, . . . k,_, + C,kt"'^ exp {-Ckf'^k, . . . k,_,) 

< ET^(k, m) + 2Cik^^-^'^h2 ■ ■ ■ kd-i + 2CiA;f "^/^^ exp (-Cstf "'^^^^^2 • • • ka-i) 

< Errik,m) + C3k'^~^^^h2---kd-i. (10.11) 

Let 7i{k,m) be the event that 

Tr{k,m) < 2ET(e)||k||^. 

Note that 

Tr{k,m) < a(k,m) and Ea(k, m) = Er(e) ||k||t,, 
where a{k,m) is defined in (6.0). Thus, by (1.1) and a standard large deviation estimate, 

ET^(k, m) < E[r^(k, m)I{n{k, m))] + Ci exp(-C2||k||^). (10.12) 

By Theorem 2, 

E[T,(k,m)] 

< E [r„,in(k, m)] 

+E [r^(k,m)/(H(k,m)) | N{k,m) > /5||k||^] P[iV(k, m) > /?||k|| J + Ci exp(-C2||k||^) 

< E[T^in(k,m)] +C3E[r(e)]||k||„exp(-C4||k||,) +Ciexp(-C2||k||„), 

where ^(k, m) and j3 are defined in Theorem 2. Therefore, 

E[r,(k,m)] < E[r„,in(k,m)] +Ciexp(-C2||k||,). (10.13) 
Together with (10.7)-(10.13), there is Ci = Ci{F,d,p,S) such that 

E(T,(k, m, I Pi) < ET„,in(k, m) + Cikl'^^^k^ ■ ■ ■ k^-i. (10.14) 
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Now we work on the lower bound of (10.5). By the independent discussion and (10.8), 

P [Pi n 7i{V[)] = {P[Vi]f > Cl cxp [-2C2k\-"\2 ■ ■ ■ kd-i) . (10.15) 

By Lemma 18 and (10.15), and by translation invariance, we may use the same Ci in (10.14) 
to have 

E [Tr {{2ki - 2Z + 1, A;2, • • • , kd-i),m, I) \ V^f] 7r{V[)] 

> E [Tr {{2ki - 2Z + 1, A;2, • • • , kd-i),m, I)] - C^{2k^ - 4Z + lf^-^'^'^k2 ■ ■ ■ k^-i 

> E [r^in {(2h - 4Z + 1, A;2, • • • , ka-i),m)] - 2C^k^^-"^h2 ■ ■ ■ k^-i. (10.16) 

Therefore, by (10.5), (10.13), and (10.16), 

E [r^in {{2k, -Al + l,k2,---, ka-i),m)] < 2Er^,^{k, m) + 2Ck{'-'/^h2 ■ ■ ■ k^-i- (10.17) 

We then use the same proof for W;'(k, m, I) on B"(k, m) . On the event Pi n 7r{V[) n V'{, 
we know that (see Fig. 6) 

Wr(k, m, I) U 7r(W^(k, m, /)) U W^'(k, m, /) is a cutset that cuts the bottom 
from the top of [/, 3ki — 5/ + 2] x [0, A;2] x ■ ■ ■ x [0, kd-i] x [0, m]. 

By the same discussion from (10.5)-(10.17), there is C = C{F, d, (3, 5) such that 

E [r„in ((3A;i - 6/ + 2, A;2, • • • , ka-i),m)] < 3ET„i„(k, m) + ?,Ck^^-"''h2 ■ ■ ■ k^-v (10.18) 

With the same method, (10.2), and Lemmas 18 and 20 by replacing 2 with Wi in (10.5)- 
(10.17), wc patch Wi cutsets on adjacent boxes together along the first coordinate to show 

E [Tmin {{Wl{ki - 21) + Wi, k2, ■ ' ' , kd-l),m)] < WiETinin(k, ui) + Cwiki''^^^^ k2 ■ ■ ■ kd-l, 

where C — C{F, d, (3, 5) is a constant. Note that by (8.5), I < ki'~^^^), so by Lemma 13 (b), 
for all large ki satisfying (10.2) and Wiki < 2exp{k^Zl^^^), 



E 



T'mm{{wi{ki- [A;!^ ^^^^ \),k2r ■ ■ ,kd^i),rnj 



< WiEr^in(k, m) + Cwik[^-^^^h2 ■ ■ ■ kd-i. (10.19) 

We want to remark that kd-i cannot be arbitrarily larger than /cj for i < d — 2 in (10.17), 

since we need Lemma 18. So (10.2) is good enough for (10.17). However, if we work on the 
d— 1-th direction, by using Lemma 19, we do not need a restriction for kd-i- More precisely, 
for all /ci < ■ ■ ■ < kd-i, 



E 



((^1, k2,--- kd-2, 2{kd-, - \_kt"'^\)),m) 



< 2Er^i,(k, m) + 2CA;iA;2 • • ■ 4-"/^'^ ■ (10-20) 
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We next work on wi cutsets along the first coordinate and W2 cutsets along the second 
coordinate. Along the second coordinate, we have W2 strips with a width k2 for each strip. 
We first use (10.19) to patch Wi cutsets in each strip. After the first patching, we use the 
same method of (10.19) to patch W2 patched cutsets in each strip to a cutset. Note that the 
size of each cutset, after the first patching, is Wi{ki — [ki'~^^^^ \) along the first coordinate. 
Thus, Lemma 19 may not be applied for large wiki. So we need to make an extra assumption: 

wik, < 2exp (A;i:f/') < 2exp (4A;^'''/') . 

With this assumption. Lemma 19, and the same method of (10.19), we have 



E 



T-min ((w^i(A;i - LM^ ^^^^\),W2(k2- lk^2' \) , h, ' ' ' , kd-i) , m 



(1-5/3) 



< i(;iW2-E'Tmin(k, m) + C wiW2ki^ ^^^^k2---kd-i + wiW2kik 



,(l-<5/8) 



(10.21) 



If we continue to iterate this way for the third, the d — 1-th coordinates, we can show 
that for integers Wi, W2, ■ ■ ■ , Wd-i with wjkj < 2 cxp{k^j_l^^^) for j = 1. ■ ■ ■ ,d — 1, there exists 
C = C{F, d, (3, 6) such that for all large ki < k2 < ■ ■ ■ < kd-i with kd-i < 4:ki, and m that 
satisfies (1.17), 



E 



T^in {{w.ik, - [kt'^'^\),W2{k2 - [kt'^'^D, • • • , Wd-i{ka-i - [kti^'^\)),m) 



< W1W2 ■ ■ ■ Wd-iEr^in{k, m) 

+Cw^W2 ■ ■ ■ Wd-1 [k^i~"^h2 ■ ■ ■ kd-1 + k,kt'^^^ ■ ■ ■ kd-i + ■■■ + kik2 ■ ■ ■ A;<i_2A;J'_-//'^] . (10.22) 

By (10.1), we pick large numbers k[, ■ ■ •, and m, given their precise values later, 
such that for e > 0, 

/ EWk-,m) \ (10.23) 

Now we need to justify the values of these k^s such that they satisfy (10.2). If k'^_^ > Ak[, 
we may choose < s and Q <t <k[ such that 



2\k[ + t) < kd-i < r{k[ + t + i). 

We divide [0, 2*(A;^ + t)], in the d — 1-th coordinate, to 2* equal subsegments: 

Di, ,D2.. 

We consider 



;i0.24) 



T(i) = [0, k[] X [0, A;^] X • • • [0, k'a_,] x D,- x [0, m] for j = 1, 2, • • • , r. 
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By using Lemma 13 (a), we know that W(k, m) nT(j) is a cutset that cuts the bottom from 
the top of T(j). By translation invariance and Lemma 13 (b), we have 

2^ET^in((A;i, • • • , k'a_2, {K + t)),m) < Er^^^ik', m). (10.25) 

If we divide (10.25) by ||k'||^ and use (10.23), for all k[ > Ki, then 

V^^'""^ < e '""^;[^;'"\ i + e) < {u, + e)(l + e). (10.26) 

^1 ■ ■ ■ ^(£-2(^1 + V 11^ \\v 

We use the same argument of (10.26) for the second, the d — 2-th coordinates. Thus, by 
symmetry, there are ki < k2 < ■ ■ ■ < k^-i with k^-i < 4:ki such that for all ki > Ki, 

(^^|i^)<(.i + 6)(l + 6)^. (10.27) 

By the assumption in Theorem 3, we can take 

m < ex.p{klzi). (10.28) 

Now we assume that 

ETmin(n,m') 
lim — = U2 

n,m' W'^Wv 

for a subsequence in (n, m'). We select n = {rii, • • • , rid-i) and m' such that, for 
< m' and 2 exp (/c^-i^^^) — % fo^ J = 1) 2, • • • , 0? — 1, 

Eriuiu(n. m') 
1/2 - e < - 



||n||„ 

Also, by symmetry, we take rii < n2 < ■ ■ ■ < rid-i- Note that 

ETmi„(n, m') < Erinin(n, m) for the m in (10.28). (10.29) 

We assume that 

[eMkl-?') + h - 1] < < [exp(^J:f /^) + t,] (10.30) 
for 1 < Sj and <tj < exp{k]zl^^^)- Let 

= exp(/c^lf '^^) + and L = (Zi, • • • , l^-i). 
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Here we assume that Ij is an integer; otherwise,we just use to replace Ij. By Lemma 13 
(b), for all ki> Ki, 



Er^i„(n,m) ^ Er„,in((2^i/i,---,2^'-^/d-i),m) ,^ , , 
< : 77^. ^(1 + e). 



n 



2si+-Sd_i||L| 



(10.31) 



Let 



We may take ki > K2 such that 

q<2x 2'"-^-%-! = 2'"-%-!. 

Thus 

Under these observations, by (10.20) and Lemma 13 (b), 

ET^in((2^^Zi,---,2^''-i/rf_i),m) 

= ET„i, [{rH,,---,2{q-[q'-'/^\)),m) 

< 2ET^^{{2'Hi,---,q),m) 

+2C [r^+'-'^-Hi ■ ■ ■ ld-2{2'^-'k-if'^'^' 

< 2Er^i, ((2^1/1, ■ ■ ■ , + [r'-Ha-iY-"''),m) 
+2C \2''+-''i-Hi ■ ■ ■ ld-2{'^"''-^ld-iY~^'^ ■ 



(10.32) 



Note that m < exp(/c^_^) and l^-i > exp(k^_l"'"), so we may take ki > such that 



1-5<5/6n 



m<exp(Ai-)<exp(4fcJ:f")<[tf 



<5/100 



(10.33) 



By Lemma 13 (c) and (10.33), 

2ET^in ((2^^/i, • • • , r'-%-2, r'-'-%-i + {r'-Hd-if-'"'),m) 

< 2ET^in ([rn^, • • • , r'^-^-\_^),m) + 2d(ET(e))2^i+-+^'^-Zi • • • U-2{r'^-Hd-iY-"''m 

< 2ETr^^{{rHi, • • • , r'^-^-Hd-i),m) + 2d{ET{e))r'+-+''^-Hi ■ ■ ■ la-2{r''-Ha-if-'/\ (10.34) 

Together with (10.32) and (10.34), there exists C = C{F,d,(3,S) such that 
ET^in{(2''li,---,'^''-'ld-i),m) 

< 2ET„,in {(r'h, • • • , r'^-^-\-i),m) + c2~'''^-^/^r'+-+''^-^ (h--- ^^-2) . (10.35) 
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If 

= max{2^iZi, • • • , 2''^-^-%-i} for j = 1, 2, • • • , d - 2, 

then we continue the process of (10.35) in j-th coordinate; otherwise, we still work on the 
d — 1-th coordinate. With this iteration, we can show that for all ki > max{«;2, '^s}, 



ET^in((2^^/i,---,2^'^-i/d-i),m) 



d-l 



< 2^i+-+^<^-iET„,in (L, m) + C ^ [2^i+-+.d-i . . . . . . 



y-^ 2-iS/8 



j=i li=i 
With these observations and (10.31), for all ki > K4, we have 

Er,,,i,,(n. m) Er,,i;,,(L. ni) , 

— TV — ^ — ITfV — + (10.36) 

Now we need to investigate the relationship between ETmin(L,m) and ETinin(k, m). We 
select Wi and rj for i = 1, 2, d — 1 such that 

= w,{ki - lkt'^'^\) + r, for r, < fc, - [kf^'^l. 

As we defined, 

W {w,{k, - [kt'^'^\),W2{k, - [kt'^'^\), ■ ■ ■,w,_,{k,., - [kti^'^\),m) 
is a cutset that cuts the bottom from the top of 

[0,w,{k, - [kt'^'^D] X • • • X [0,w,_^{k,_, - [kti^'^\)] X [0,m]. 
By Lemma 13 (c), 

ETinin(L, m) 

< E [w, {{w, [k, - kt'/'^\ , W2 lk2 - kt'^'^\ , • • • , wa-1 [ka-i - kti^'^\) , m)' 
+2d(Er(e)) [nh ■ ■ ■ U-im + hr2h ■ ■ ■ k-im + • • • + /i • • • ld-2rd-im\ . (10.37) 

Note that k < 2exp(fcJ:f/^) for i = 1, • • • , d - 1, so by (10.22) and (10.37), 

< E [r^in {{w,lk, - kt'^'^\,W2lk2 - kt'^'^\,- ■ ■,wa-ilka-i - kti^'^\),m)' 
+2dE{r{e))[ril2 ■ ■ ■ U-im + lir2h ■ ■ ■ k-im H Vk - ■■ ld-2rd-\'m] 

< W1W2 ■ ■ ■ Wd_lETinin(k, m) 

+CwiW2 ■ ■ ■ Wd-i k^i~^^^^k2 ■ ■ ■ kd-i + kik^'^^^'' ■ ■ ■ ka-i 4 h kik2 ■ ■ ■ kd-2kdli'^^ 

+2dE(r(e)) [nh ■ ■ ■ h-im + hr2h ■ ■ ■ h-im + • • • + Zi • • • ld-2rd-im\ . (10.38) 
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Therefore, we divide ||L||^ on both sides of (10.38). Now we work on the left side of (10.38). 
Note that k > exp(klzl^^^), so for all ki> k,^, 



^^^^ < (1 + e). (10.39) 



I 

Thus, the first term in the left side of (10.38), divided by ||L||^, is 

WiW2---w^-iET^in(k,m) ^ Er„,in(k,m) ^^ ^ ^^^.^ (10 40) 

ll"^llf ll^ll^' 
By (10.39), the second sum in the left side of (10.38), divided by ||L||^, is 

CwiW2 ■ ■ ■ Wd-1 \k[^~^^^^k2 ■ ■ ■ kd-i + kik^2~^^^^ ' ' ' kd-i H h kik2 ■ ■ ■ kd-2kd-i^^^ 



L 



V 



< (1 + ^r-' E p^Ts) < - 1)^1 + (10-41) 

for all ki> Kq. Finally, note that rj < ki and 

m < exTp{k^zi) and exp{k^_l^^^) < Ij 
for all j = 1, • • • , d — 1. Thus, for all ki > Ky, 

mrj < rjexpiklzi) < %exp(fc^:^) < exp(2fc^:f) < exp{k]zf' /2) < if. 
With this observation, 

/i • • • Ij-iTjlj+i ■ ■ ■ Id-im < /i • • • Ij-ilj^'^lj+i ■ ■ ■ Id-i- (10.42) 
Therefore, the third sum in the left side of (10.38), divided by ||L||^, is 

2dE{T{e))[ril2- ■ ■ld-im + lir2h- ■ -Id-im^ V h - ■ ■ld-2rd-im] 2d^ nn /iqn 

WHv ki' 

for all ki > Kg- 

We now select ki > max{Ki, K2, H3, n^, n^, k,q, k^, Ks} such that (10.27) holds. Finally, if 
we put (10.29)-(10.43) together, we show that 

_ , < (^^^i^) < (^^^f^l (1 + ef-' + Ce< .,(1 + + C,e. (10.44) 



\v 



This shows that v\ — V2 — i'. 
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Next we need to show the pointwise and Li convergence. By simply using a Borel-CanteUi 
lemma together with the mean convergence, the concentration property in (9.7), and (8.1), 
we have 

lim ( Wk,m) \ ^ ^ ^^^^^^ 
Therefore, Theorem 3 follows. 
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